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BIDIRECTIONAL PLANT CANOPY REFLECTION MODELS

DERIVED FROM THE RADIATION TRANSFER EQUATION

By Donald R. Beeth
Lyndon B. Johnson Space Center

SUMMARY

The basic approach to canopy modeling adopted in this paper is to solve the
radiation transfer equation under assumptions appropriate for a canopy and thus
to predict canopy-reflected radiation under arbitrary conditions of illumination.
Consideration of the radiation transfer equation and its formal solution along a path
shows that the basic problem of canopy modeling has two parts. The physical part
of the problem is to define the phase function by determining the scattering behavior
of a volume element that contains a collection of scattering elements. The mathemati-
cal part of the problem is to solve the radiation transfer equation for the medium as
a whole, not merely along a simple path as is done in the formal solution. Solving
the problem for the medium as a whole requires the solution of an infinite set of inte-
grodifferential equations. The phase function is defined by developing a technique
to sum the scattering behavior of a collection of planar scattering elements. Coordi-
nate transformations are developed to enable proper treatment of the potential bi-
directional scattering behavior of the scattering elements. Canopy geometry is ex-
pressed in terms of probability density functions over azimuth and zenith angles.

Two approaches are presented for solving the mathematical problem. One
approach is an extension of a Chandrasekhar technique. The approach concludes
with eight integrodifferential equations that are reducible to six by transmission
reciprocity. Because no programable solution is presented, an alternate approach
is emphasized. The basic assumption for this second approach is that the field can
be partitioned into a uniformly diffuse upwelling component, a uniformly diffuse
downwelling component, and an attenuated specular component. This approach re-
duces the radiation transfer equation to three easily solvable coupled, first-order
linear differential equations of the Shuster or Kubelka-Munk type. The solution
to these three equations gives an approximation to the field within the canopy and
is used in the formal solution of the radiation transfer equation to obtain canopy bi-
directional reflection.

INTRODUCTION

The objective for developing a reflective canopy model is to predict the up-
welling monochromatic intensity from a canopy under specified conditions of illumi-
nation, preferably in terms of physically measurable characteristics of the canopy .



These characteristics are the geometrical and optical properties of the components’
that make up a canopy. If these canopy component optical and geometric properties
can be related to canopy type, stress, maturity, and yield, the model can be used

to relate canopy-reflected radiation to these characteristics. This relationship would
imply potential application to the acquisition and analysis of signature statistical
properties.

The approach presented in this paper results in three canopy models. The
models vary in form and approach depending primarily on the combination of simpli-
fying assumptions made. All models assume horizontally homogeneous canopies.

In Model I and Model 1II, it is assumed that a first-order approximation of the field
within the canopy is obtainable from modified Kubelka-Munk equations. In Model I,
the acceptance of non-Lambertian leaves is possible if the non-Lambertian character
of the leaves is known. Further, an azimuthal anisotropic distribution of leaves
will be accepted if this anisotropic distribution is known. In Model II, the further
simplifying assumption that the leaves are Lambertian scatterers is made. This
assumption results in considerable simplification of the approach used and the calcu-
lated expressions obtained. From the further assumption in Model II that the two
sides of the leaves are optically indistinguishable, an interesting result is obtained:
that all geometric factors affecting scattering of the diffuse field are multiplied by
the difference between radiation reflected and radiation transmitted. This result
would imply that changes in canopy geometry would have little effect in regions of
canopy optical thickness sufficient to ensure that soil background has little effect.
For example, wind-induced data scattering in these regions would be minimal.

In Model III, which is the most general model, non-Lambertian leaves and
azimuthal anisotropy are accepted and the Kubelka-Munk approximation is not re-
quired. Although Model III is exact in principle, difficulties in programing make
it, for the most part, a theoretical curiosity. However, the effect of such assump-
tions as Lambertian leaves, azimuthal isotropy, and some well-defined zenith distri-
bution density functions is not explored in this paper. Perhaps Model III could be
made quite workable for some special situations, but this possibility is left for
further investigation.

SYMBOLS
Aij Kubelka-Munk equation expansion coefficients
Aia expansion coefficients for expressing Ei in terms of
eigenfunction Fa as defined in equation (77)
278117 %
a,b,c,d integration frame limits
ai]. Kubelka-Munk equation expansion coefficients



dA

da

da

<da>

da

dan = da

a1(e,k)
ds

av
dp' de' = -dQ!
aq!
dQ,

dQ
s

expression containing canopy geometric characteristics
for canopies with Lambertian leaves and optically indis-
tinguishable sides

transformation matrices

derivative operator

average value of 1 G2 )
1 n

azimuthal density function

element of horizontal area

magnitude of da

vector surface element

average projected area of a collection of surface elements

cross section of cylindrical volume element

differential change in intensity along £ in the direction
of k

differential vector area on the surface of volume element
AV :

volume element

differential solid angle

differential solid angle containing incident radiation

differential solid angle containing scattered radiation
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irradiance of the specular beam measured perpendicular to
the beam

horizontal irradiance resulting from reduced specular flux

irradiance on a horizontal plane at the upper surface of a
canopy

upwelling irradiance at level z in the o layer
downwelling irradiance at level z in the o layer

irradiance at level z resulting from the reduced incident
specular flux

upwelling irradiance

downwelling irradiance

fraction of beam obscured while passing through AV

Shuster or Kubelka-Munk equation eigenfunction
magnitude of incident intensity

variable defined in equation (274)
an arbitrary function defined in equation (174)

variable defined in equations (99) and (100)

integration over upper or lower hemispheres

intensity where the functional dependence is suppressed
upwelling intensity at the upper surface of a canopy

intensity at ¢ along a path direction determined by k
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downwelling diffuse intensity

incident intensity

downwelling intensity at the upper surface of a canopy
incident intensity on a layer at optical depth <t
scattered intensity

scattered intensity from da

scattered portion of the intensity field at t
intensity outgoing from AQS

incident intensity scattered into AQS

total intensity field

total intensity field at «

upwelling diffuse intensity

reduced incident intensity

radiance reflected from a lower surface
radiance reflected from an upper surface
radiance transmitted from a lower surface
radiance transmitted from an upper surface
intensity directed upward or downward

intensity scattered (per unit length per unit density) into
the beam at ¢ in a direction given by k

unit vector; a function of 0,¢
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n da

n da

unit vector in the direction of incident intensity

unit vector with polar angles Gj and (pJ.

unit vector in the direction of solar or specular intensity

A

upwelling or downwelling k

beam attenuation function
lower leaf side of interest
lower hemisphere

uniformly diffuse (Lambertian) upwelling intensity at level
z in the o layer

uniformly diffuse (Lambertian) downwelling intensity at
level z in the o layer

uniformly diffuse upwelling and downwelling radiance

path

integration limits as defined in table IV
number of elements in AV or in dV

number density of scattering volume elements
unit vector perpendicular (normal) to an area
differential leaf area index

vector area of magnitude da

intensity scattered into the beam

intensity scattered per unit length into the beam at 2 in a
direction given by k

number of elements in a volume element
intensity removed from the beam by scattering or absorption

phase function relating incident to scattered intensity for a
volume element of material



X,y¥,2

soil

power

power outgoing from da into AQ
total power incident on volume element AV
total power scattered from the volume element

upwelling or downwelling power due to downwelling
incident intensity

upwelling or downwelling power due to upwelling incident
intensity

average power

number determined from boundary conditions in equations
(95) to (98)

number determined from boundary conditions in equations
(95) to (98)

1
average value of %G(en)

surface of volume element AV
bidirectional reflection function for the canopy as a whole

lower and upper bidirectional reflection functions for a
layer ' thick

leaf zenith angle density function

lower and upper bidirectional transmission functions for a
layer t' thick

positive and negative regions of { (t)

upper leaf side of interest

upper hemisphere

coordinate frames related by rotation matrices
horizontal canopy level

distance from the top of the canopy to the soil
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AA,
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AA
s

Api

Aps

AV

AQ

AQ,
i

AQ
s

S..
1]

fraction of intercepted incident power scattered

fraction of total power scattered into AQS

angle between unit vectors

cross section shared by AV and the incident beam

cross section shared by AV and the scattered intensity con-
tained in AQS

power incident on the volume element from intensity contained
in the solid angle AQi

total power scattered into the solid angle AQi

volume element
element of solid angle

element of solid angle containing incident intensity
element of solid angle containing scattered intensity

solid angle that is intercepted by the Sun

amount of Api actually intercepted

Kronecker delta function
Dirac delta functions
unit vectors defined in equation (120)

polar zenith angle

polar zenith angle of the unit normal n
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Subscripts:
d

i

cosine of the polar zenith angle in a given coordinate frame

combined parameters indicating the functional dependence of
the density function

bidirectional reflection function

soil bidirectional reflection function

average scattering cross section of scattering centers
optical depth

specific optical depth

bidirectional transmission function

upper surface of the canopy

polar azimuth angle

polar azimuth angle of the unit normal n
azimuth angle of n

integration variable used in equation (183)

downwelling

incident direction

summing index for p,t
summing index for 1,2,3
summing index for U,L
summing index for 1,2,3
lower surface incidence
multilayer constituent index
radial

scattered direction



T integration interval

t total

U upper surface incidence

u upwelling

o layer index

A wavelength

0 quantities associated with the solar beam
1 class that is dependent on ¢,

2 class that is not dependent on ¢,

* upwelling or downwelling

Mathematical notations:

* leaf coordinate frame
{ } choose the greater of two quantities contained therein
[ ] choose the lesser of two quantities contained therein

GENERAL APPROACH

All analytic canopy modeling begins implicitly or explicitly with the radiation
transfer equation that describes changes in monochromatic intensity or radiance.
The radiation transfer equation is written

dlé#‘l = -n@TQ,KI®R,k) + n(@)I@, K (1)

The equation is a statement of conservation of energy by which radiation transfer
through any medium is governed. The change in intensity I(¢, k) along a path ele-
ment df in the direction of the unit vector k is the difference between the inten-

sity absorbed and scattered out of the beam and the intensity scattered into the beam.

The symbol n is the number density of scattering centers, and 0 is the average
scattering cross section of scattering centers. Intensity per unit volume scattered

10



into the beam at ¢ in a direction given by k is represented by the expression
nd (2,k). Integrating factors gives a formal solution

1%
. A CT(e.R voenaT(R,eh)
I(2,k) = I(Qo,k>e ( 0) +f :]_(Q ,k); de! 2)
%o

where

0
T(sz,sz() zfna de (3)

and the J term is given by

1 2n

J@ LK) = Ilffflt(sz',k)p(k,ﬁv)dp' de' (@)
10

The phase function P(k k ) relates incident to scattered 1ntens1ty for a volume
element of material. The expression du' dop' is -dQ' where dQ' is a differential
solid angle, and p' =cos ' where ©' is the polar zenith angle and ¢' is the polar
azimuth angle. Because the expression I (2',k) represents the total intensity

field at dX, It «' ,k) couples the solutlon along one path with the solution along

all other paths; therefore, the formal solution for a single path is not the solution
for the medium as a whole, and the solution for the medium as a whole involves an
infinite set of coupled integrodifferential equations for which a completely general
solution is not known.

The problem of radiation transfer in any medium has two main parts. The
physical problem is to find the phase function, which will be expressed in terms
of the scattering and absorptive behavior of the individual scattering components
or scattering centers in a volume element. The mathematical problem is to solve
the system of coupled integrodifferential equations.

Specification of the phase function for a given volume element will be the same
regardless of the 51mp11fy1ng assumptions subsequently made to solve the mathemat-
- ical problem. That is, the phase-function development is the same regardless of
whether parallel homogeneous layers are later assumed or whether canopy row
effects are considered. The scattering and absorptive behavior of a volume element

11




of scattering components is a type of sum of the scattering behavior of each compo-
nent. The problem is to assemble this sum in terms of the scattering and absorption

properties of each component.

The first assumption is that any individual scattering component, such as a
leaf, may be represented by a collection of small planar elements. This assumption
is based on the fact that any surface with any curvature can be represented to any
desired degree of accuracy by a collection of planar elements. These planar ele-
ments will be designated by the vector surface element da. (A vector surface
element is a vector of magnitude da proportional to the area of da in a direction
perpendicular outward to da.) This equation will be written

da = dan (5)

where n is a unit vector normal from da in the outward direction. Further, the
number volume density of surface elements is designated by n. For a canopy inte-
grated over the height of the canopy, n da will give the leaf area index and thus
can be called the differential leaf area index.

Each element can be characterized by a slope and an azimuth in a z-vertical
coordinate system. Because the slope is the same as the zenith angle of da, two
angle parameters are associated with da: the polar zenith angle of the normal 6

and the polar azimuth angle of the normal P The collection of elements in a Vol—

ume element will have some distribution of slopes and azimuths that can be described
by density functions. The quantities volume number density, element area, and
slope and azimuth density functions constitute the set of input parameters henceforth
referred to as phase-function geometry. (The product of density and leaf area is
the one-sided leaf area per unit volume.) When combined with the spatial variation
of the phase function over the canopy, these quantities constitute the canopy geomet-
ric inputs. These geometric inputs are a set of morphological descriptors determin-
ing canopy reflectivity; they can be labeled spectral morphological descriptors.

A planar scatterer can be parameterized by bidirectional reflection and trans-
mission functions. For a leaf, this procedure will generally require a bidirectional
reflection function defined on the upper surface, a bidirectional reflection function
defined on the lower surface, and a bidirectional transmission function. These three
bidirectional functions completely specify the scattering and absorptive behavior
of the canopy component and are referred to in this paper as the component optical
properties. Thus, the physical inputs to the phase function, and hence the model,
are these optical and geometric quantities.

The output of the model is the bidirectional scattering behavior of the canopy
as a whole; it is expressed in terms of canopy bidirectional reflection and transmis-
sion functions. These functions can be labeled the canopy optical properties. Once
the canopy optical properties are known, the upwelling intensity is obtainable for

12



any specified illumination conditions from a relationship of the form

T
2 2xn

I(k) = %ff L&DSk,kHu' dy' de' 6)
0 0

The expression 1 (f{) represents the upwelling intensity at the upper surface of
the canopy; Ii (k") is the downwelling intensity at the upper surface of the canopy;

and S(k,k') is the canopy bidirectional reflection (upwelling, scattering) function
for the canopy as a whole. Thus, once S(k,k') is known for a canopy, the down-
welling intensity field must be known to obtain the upwelling intensity.

In summary, for operational use of the model, the input or independent vari-
ables are the canopy geometry, the component optical properties, and the illumina-
tion conditions. The output or dependent variable is the upwelling intensity.

No solution is known for a medium for which the phase function varies arbi-
trarily as a function of position. Such a variation might be a horizontal variation,
such as row effects, or a vertical variation in which density is a function of height.
To solve this problem, simplifying assumptions must be made. These assumptions
may be made in terms of (1) canopy geometry, (2) component optical properties, or
(3) first-order approximations of the field behavior within the canopy. The plant
canopy reflection models developed in this paper vary in form and approach depend-
ing on the combination of simplifying assumptions taken. The assumption that the
canopy can be approximated by homogeneous layers is made in all models. Although
the explicit development is for single-layer, single-scattering-component canopies,
a method for generalizing to multilayer, multiconstituent canopies is given.

Model I and Model II are closely related. The mathematical operations in both
models are made tractable by assuming that the field within the canopy can be initially
approximated by a uniformly diffuse downwelling component, a uniformly diffuse
upwelling compcnent, and an attenuated incident or specular component. The atten-
uated specular component is defined as the portion of incident radiation at any level
within the canopy that has not intercepted a canopy component. Under this assump-
tion, the radiation transfer equation reduces to easily solvable modified Kubelka-
Munk or Shuster equations. Model I is explicitly derived for leaves that need not
have constant bidirectional scattering functions; that is, it is not restricted to the
special situation of Lambertian leaves. However, Model II is derived solely for uni-
formly diffuse or Lambertian leaves. Although the development techniques have
some variations, Model II is in essence an application of Model I to Lambertian leaves.
In Model III, the most general model, the assumption is only that the canopy is rep-
resentable by horizontally homogeneous layers. This treatment generalizes a method
of Chandrasekhar (ref. 1) to generate a set of eight integrodifferential equations
containing only the phase functions and the canopy reflection and transmission fune-
tions. The eight equations are reduced to six by transmission reciprocity. Model
III terminates with these six equations, for which no general solution is known.

13
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All three models are alike in that they begin from the radiation transfer equa-
tion. Model I and Model II are different from Model III because a different mathemati-
cal approach is used to solve the radiation transfer problem for the canopy as a
whole. Identical accuracy should not be expected for all models. Model III should
be the most accurate, and Model I should be more accurate than Model II. In partic-
ular, Model II becomes inaccurate at wavelengths of less than approximately 0.55
micrometer, where the assumption of constant bidirectional component scattering
functions (Lambertian leaves) is not good. This breakdown in the high absorption
regions is also noted by Smith (ref. 2) in theimodel in which he uses this assumption.
(Note: In a region of high absorption, scattering tends to become more specular
because multiple scattered contributions diminish and leave primarily the more
specular Fresnel contributions as reported by Breece and Holmes (ref. 3).)

FORMULATION OF THE PROBLEM

The canopy radiation transfer problem is formulated by a discussion of the
phase function and the formal solution to the radiation transfer equation.

The Phase Function

Consider a beam of cross section AA within a canopy (or any scattering
medium) along a path 2. An element of length df defines a cylindrical volume ele-
ment AV. The change in intensity I in df along £ gives the equation of transfer
with all functional dependence suppressed.

= -n6¢l + nd ¢

QlQ-
o] —
!

The term -n6l represents the intensity removed from the beam by scattering or
absorption. The term nd represents the intensity scattered into the beam from
radiation incident on the volume element from directions other than along &£. This

term could also include emission into the beam; however, emission is ignored in
this discussion.

The quantity n is the number density of scattering components in AV of
a given type. Then, the fraction of the beam scattered or absorbed will be given
by the fraction of AA obscured by the components in AV. The number of the com-
ponents in AV is n AV, and k is the beam-attenuation function. Thus, the
fraction intercepted is

_n AVo
AA ®

14



where G is the average cross section of components in the direction £. However,
along a cylindrical path

AV _
v Y

Thus, for the change in intensity due to intensity removed from the beam

= -nol (10

QIQ
ol =

A particular form for the average cross section ¢ will be developed subsequently.
Meanwhile, it is sufficient to note that ¢ will be a function of the direction of £,

a complication not encountered in the simpler problem of atmospheric radiation
transfer.

An expression for the term J will also give an expression for the very impor-
tant phase function. The expression nJ denotes the radiation scattered into the
beam. To derive this expression for nd, consider an arbitrary volume element AV
having a cross section AA shared by both the beam and the scattering medium.

The total power incident on this volume element Py is found by integrating the de-

fining equation for intensity over S, the surface of AV. This integration is written

41
:ffli(fd)(k'-d—s)dQi 11
0 s

where 1A<' is a unit vector in the direction of incident 1nten81ty I and where ds

is a differential vector area on the surface of AV. Note that k is a function of ©
and ¢; therefore, a function of k and k' is also a function of 6,9;0',@'. The
power incident on AV from the intensity contained in AQ1 , an element of solid

angle containing the incident intensity, is designated Api and is written

= A'o~
Ap, =L AQif ds (12)

But
fﬁ'-d_s = A, (13)
S

15



where AAi is the cross section shared by AV and the incident beam. Then
Ap. = I. AQ. AA, 14
i i i i

Similarly, the total power scattered into the solid angle AQS is denoted by
Aps and is written

Ap, =1, AQ_ AA_ (15)

where AAS is the cross section shared by AV and the scattered intensity con-

tained in AQS . The amount of Api actually intercepted, Azpi, is written
2 __ AV
A P; = N0 zx- Ap. (16)
If the fraction of A2pi scattered is «, then

_ A2
Py = @ A'p; an

Furthermore, if the fraction of Py scattered into AQS is denoted by B, then

S _
AQ T Bps (18)
s
Using equations (14), (16), and (17), the following is obtained.
Ap
s _ — AV
AQS = affno KA—iIi AQi AAi (19)

16
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The expression Aps is obtained from equation (15). Thus

I,
s1
(Av )
AA
s

where the subscript i on IS denotes the scattered intensity resulting from the

scattering of Ii contained in AQi. Let P(1A<,1A<') be defined by

= afno AQI (20)

A A

P(k,k') = 4nafo (21)
Then
o 4nl_, (k)
P(k,k") = AV — 22)
]
nA—AS Ii(k )AQi

The phase function P(k,k') relates incoming and outgoing intensity for an
arbitrary volume element. This formulation of the phase function is very useful
in developing the form of the phase function for the canopy. Note that, in general,
the total scattered intensity from a volume element has contributions from incident
intensities in all solid angles. Summing equation (20) over all AQ. values yields
an integral 1

Lo
o 4—7{f L, (k)P (&, kyag (23)
<AAS 0

where Is (k) is the total scattered intensity in the k direction as a result of scat-

tering of incident intensity by the volume element AV. When the expression for

a cylindrical volume element (eq. (9)) is recalled, it is clear from the discussion

of equation (1) that equation (23) is also the equation for nJ. Thus, written in full,
showing all functional dependence, the expression for J is

47
J@,R) = %{—flt(Q,lA{')P('f{,f(')dQ' (24)
0
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Formal Solution of the Radiation Transfer Equation

The radiation transfer equation is

ALL - n@T@, 10K + n@I@k ¢H)
T (R ,QO)
This equation can be integrated by multiplying each term by e where

T ¥ ,520) is defined in equation (3). Note that from a rule of definite integrals

T<Q0,520> =0 (25)

and
T(Q,Q()) = TR, + T<Q',QO> (26)

where 520 < ®'< ¢. Then, both sides may be integrated from 2 to 520 to obtain

equation (2).

2
) R (N LA ST(R,2Y)
12,K) = I(SZO,k)e ( 0> + fJ(Q ’k)% ag' @)
%

with the quantity J (&' ,f() given by equation (4).

The formal solution gives intensity at £ due to scattering along the beam

before 520. If the value of 2 is at a surface of the scattering medium, the solution

gives scattered intensity from the medium. For a canopy, this could be the quantity
desired, the upwelling intensity. The problem consists of finding the right-hand
terms. The first right-hand term is simply the intensity at some point QO on 2.

This intensity might be determined by boundary conditions and, as such, may not
be an insurmountable difficulty. The real problem arises from the second right-hand
term and in particular from the integral for J.
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Expressing J requires knowledge of the phase function. As will be shown,
to obtain a canopy phase function is difficult but not impossible. However, the J
integral also requires knowledge of the value of I at any point along %. If this
value were known, there would be no need for the formal solution. Thus, there
is an infinite set of coupled integrodifferential equations, a computational problem
for which there is no direct solution known to the author.

A canopy phase function that is based on a minimum of assumptions and that
is believed to be completely general within these assumptions will be developed in
this paper. Two techniques for handling the computational problem will be explored;
both techniques begin from the assumption that the scattering medium can be repre-
sented by parallel layers. For a canopy, this assumption will mask row effects.
One of the computational methods, Model IIl, a modification of a technique developed
by Chandrasekhar (ref. 1) for atmospheres, involves restatement of the problem
in terms of other system parameters, namely reflection and transmission functions
for the layer as a whole. Then, the radiation transfer equation and its formal solu-
tion are uged to solve the parameterized problem. This method concludes with a
finite set of integral equations. The solution to these equations may provide ulti-
mately the most exact technique for developing a general canopy model. In the
second computational! method, used for Model I and Model II, the modified Kubelka-
Munk equations are used to find a first approximation to the intensity field within
the canopy. This technique is simpler and may be found workable from a practical
computational point of view. Improvement of the Kubelka-Munk approximation can
be obtained by iteration.

BIDIRECTIONAL PHASE FUNCTION FOR A CANOPY

The so-called phase function shown in equation (22) would be better named
volume scattering-absorption function; it is basically a ratio of the incident to the
scattered intensity for an arbitrary volume element within a medium. The scattering
behavior of the volume element is a sum of the scattering behavior of the individual
components, or scattering pieces, in the volume element.

Although performing this sum is straightforward in principle, it is fairly
complicated in practice. The general summing problem is expressible as the integral
sum of sectionally continuous functions in four dimensions. Each dimension is non-
zero in half spaces, defined with respect to coordinate frames, each of which is two-
dimensionally rotated with respect to the other. The solution of this summation prob-
lem, the coordinate transformations, and the integration limits are important at this
stage of theory development.

Assumptions and Canopy Visualization

The canopy is viewed as a collection of volume elements, each of which con-
tains an ensemble of canopy components. Each component, such as a leaf, is as-
sumed representable by one or more planar elements. Each planar element, repre-
sented by the vector area da, is characterized by slope, horizontal orientation or
azimuth, and optical scattering properties described by upper and lower surface bi-
directional reflection functions and a bidirectional transmission function. The slope
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is the zenith angle in a z-vertical coordinate frame of the unit normal to da, and the
azimuth is the azimuth in this frame of the unit normal to da. The zenith and azimuth
distribution for the ensemble of elements in the volume element will be characterized
by statistical density functions. These angular density functions, together with the
volume number density and the size of area elements, will be called the plant geom-
etry. The bidirectional reflection and transmission functions will be called the com-
ponent optical properties. The plant geometry and component optical properties

are the necessary inputs to the model.

Complete optical properties of canopy components are available for only a very
limited number of components. These properties have been measured satisfactorily
only by Breece and Holmes (ref. 3) for corn and soybeans. Therefore, in current
practical usage, estimates must be made from the numerous directional reflection
measurements. This procedure is equivalent to assuming that the components are
uniformly diffuse or Lambertian. Analysis of available data suggests that such an
approximation is acceptable for wavelengths greater than approximately 0.7 microm--
eter. However, for wavelengths less than 0.7 micrometer, the model will not be
expected to work well without a better estimate of the nonuniform reflection proper-
ties of the leaves. This result is borne out by the modeling work done by Smith
(ref. 2).

Polarization will be disregarded in this model. However, polarization is an
important effect that will likely prove to be a useful diagnostic tool. To account for
polarization, the formal theory presented herein can be used with the understanding
that the scattering functions are thereby represented in polarization matrices. The
aspect of polarization most significant to remote sensing is the existence of a strong
front surface quasi-specular reflection for many leaves, notably waxy ones. This
reflection or gloss is not greatly affected by the absorptive character of the leaf.

For many aspects of spectral signature interpretation, this gloss masks the spectral
information and could be called noise. The same effect is seen in an ordinary glossy
photograph viewed in glaring light. This glare is often strongly polarized; thus,
polarization filtering could be used to remove it. For this reason, polarization re-
search is potentially valuable and could make an important contribution to remote
sensing.

Coordinate Frames

The development of the canopy function requires the definition of three coor-
dinate frames and the transformations between them. In the first frame, the obser-
vation frame, the z-axis is vertical, the xy-plane is horizontal, and the x-axis is
left arbitrary to be chosen in any way that may become convenient later. In the
second frame, the upper leaf frame denoted by asterisks, the z*-axis is perpendicular
to the planar element; thus, the z*-axis has the same direction as the unit normal
n to the element da. The x*-axis is chosen along some convenient line of the com-
ponent, such as the central vein of a leaf. Then, the x*y*-plane is the plane of the
element da. The third frame is the lower leaf frame denoted by double asterisks.
The upper and lower leaf frames are related by z* = -z**, y* = -y**¥ agnd x* =
x*¥_  Thus, the double-asterisk frame is related to the asterisk frame only by the
direction of the outward-drawn normal.

Each of these frames is conveniently expressed in spherical polar coordinates
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using the convention where 6 is the zenith angle and ¢ is the azimuth angle meas-
ured counterclockwise from the x-axis when viewed from the upper plus-z hemi-
sphere in the minus-z direction. The assumption is that the planar element is char-
acterized by some slope and azimuth. These are the zenith and azimuth angles of

n, the unit normal to da, measured outward from the upper surface. Let Gn be

the zenith angle and ?n be the azimuth angle of n in the observation frame.

The transformation equations are obtained by first considering a rotation of
P, around z by which y is moved to y*, and then taking a rotation of en

around y*. The sum of these two rotations will take z into z* and x into x*.
The first rotation matrix around z is

cos <Pn sin cpn 0
C =}-sin ¢, cos @ 0 Q@2mn

0 0 1
The second rotation matrix around y* is

cos 6 0 -sin ©
n n

D = 0 1 0 (28)

sin 6 0 cos ©
n n

The product is

[cos 6 cos cos O_ sin -sin O
n ®n n Pn n

R =0DC = -sin P, cos @ 0 (29)

sin 6 _ cos sin 8 sin cos 0
n (Pn . n (pn n

| i
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Now , consider some radial unit vector in some direction kr' Expressed in the ob-
servation frame, this term may be written

sin © cos @

k, = | sin @ sin ¢ (30)
cos ©
The same vector expressed in the asterisk frame is
sin 6% cos ¢*
kx = | sin 6% sin @* (31)
cos 0%
But
Rk = k* (32)
r r

Applying the rotation matrix to kr’ comparing components with IA(;, and solving

gives the transformation equations

-

1 sin Gn cot ©
-@** = * = cot cos On cot (cp - cpn> * S (CP = (Pn) (33)

cos (m - ©**) = cos O* = {cos O cos O + sin O_ sin 6 cos (cp - cpn> (342)

k¥ = * = 1 i -
! H cos E)n cos 6 + sin Gn sin 6 cos (cp cpn> (34b)
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Bidirectional Reflection and Transmission Functions

The derivation of a phase function for an ensemble of canopy components con-
sists of two main parts. The first part is to relate incident to scattered intensity
for an individual component da, and the second part is to sum the contributions
of all the components in the volume element. The reflection and transmission bi-
directional scattering functions are defined by equations of the form

1 2x
Is(f<) = 11_t f p(l;,f(')li(k')u' du' de! (352)
00
where 0<p<1, and
1 2%
: 1 " A' A' | ]
1,60 = L f fdiondow ap ae (35b)

where 0> p.> -1 and where p' arises from k'sn within n, a unit normal to da.
The expression 1 (k) is the scattered intensity from da, and I (k") is the incident

intensity on da. The quantities p(k k’) and ‘E(k k') are the b1d1rect10na1 reflec—
tion and transmission functions, respectively. An alternate form could also be used.

1 2=
A _ 1 A A A'
IS(k) = Inp fp(k,k')li(k ydp' de! (36a)
00
where 0<p<1.
1 2%
e — _1_ e T A| 1 t
Is(k) = I ff r(k,k')Ii(k Ydp' deo (36b)
00

where -1 < p <0 and where p = ﬁ-ﬁ. Note that equations (36a) and (36b) are
obtained from equations (35a) and (35b) by omitting the p' within the integral and
inserting the 1/4p before the integral. In both equations, the bidirectional func-
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tions so defined are symmetric under interchange of directions. That is

A A

p(k,k") = p(—ﬁ' ,-ﬁ) (37a)

t(k,k") = 1¢-k',-k) (37b)

Because da is a planar element that will generally have different reflective
properties depending on the side of incidence, it is convenient to define the total
reflection and transmission functions as shown in table I. All the bidirectional func-
tions shown in table I are zero in regions other than those indicated. Note that limits
are given in the asterisk or upper leaf frame where the plane of the leaf is the xy-
plane. The subscripts U and L designate upper and lower sides of incidence,
respectively. Radiation scattered into the hemisphere of incidence and radiation
scattered into the hemisphere opposite the hemisphere of incidence are governed

by the transmission function t(l%,f(') .

In general, the scattered field will be given by

Ky = % e
Is(k) IpU (k*) + IrL(k ) (38a)
where 0< p*<1, and
. = K * " *
IS k) IpL(k ) + ItU (k*) (38b)
- * i -
where -1 < p*< 0 and where IpU’ ItU’ IpL’ and I1:L are derived from the equa

tions defining the bidirectional scattering functions (eqs. (35a) and (35b)). The
existence of a transmission-function symmetry relationship that makes the distinc-

tion between 5 and 3 redundant can be shown. However, the upper and lower

surface transmission-function symmetry will not be explicitly exhibited in the deri-
vation because omitting it makes checking the derivation less complex. Explicitly,
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this derivation is written

1 2%
) = l 1Y [To Tom ok Tt ' '
IpU(k) nffli(k)|k nIpU(k JK'*)dp' deo (39a)
00
1 2x
PN 1 A A A A A
I'[U(k) == f Ii(k')|k"-'n| tU(k*,k'.*)dp' do' (39b)
090
0 2m
A 1 A A~ A A A
IpL(k) = x ff Ii(k')|k"'n|pL(k*,k'*)dp' de’ (39¢)
-10
0 2m
N 1 A IS ~ ~ A
ItL(k) =5 ff Ii(k')|k'-n|tL(k*,k'*)du' do' (394)
-10

Note that no terms in these expressions have coordinates with asterisks ex-
cept the bidirectional scattering functions. The necessity for expressing all scat-
tered intensity in the observation frame (z-vertical) ultimately, even though the
bidirectional scattering functions are customarily measured in the leaf frames (with
asterisks), is emphasized by this fact. The absolute value on the dot or scalar prod-
uct in the integral ensures only positive values of reflected intensity. Note that
the vector intensity notation indicates the specific p included in the integral. Re-
member that intensity may be conveniently expressed as a vector for some purposes;
however, it does not always follow the laws of vector addition nor is it a vector field
in the same sense that an electrostatic field is a vector field. The intensity field has
a magnitude for every direction associated with every point. The electrostatic field
has only one magnitude and direction associated with every point. Further, two
beams do not add vectorally for purposes of reflection.

Because any incident radiation field on da can be viewed as a collection of

beams contained within nonoverlapping, small solid angles, the basic problem can
be reduced to considering incident radiation in some solid angle AQ.i. Integration
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gives the two pairs

2y = 1 S N A Dk Tk
IpU(k) == Ii<ki>|ki n[pU (k*,ki>AQi (403a)

ty = L < e oh % Tk
ItU(k) == Ii (ki)lki n|tU <k ’ki>AQi (40b)

A 1 IS ~ A N A
= = . * *
10O = Ii(ki)lki n]pL<k ,ki)AQi (40¢)

cy = L |k N ok Lok
L (0 =1 Ii< i>|ki nltL<k ,ki>AQi (40d)

if and only if incidence is on the lower surface, where the nonzero regions are de-
fined in equations (38a) and (38b). The dot product of a unit vector k in a direc-
tion of interest j and a unit vector N normal to da expressed in the observation
frame without asterisks gives

k.on = cos v. = sin 0. sin © cos .
YJ ] n <(pJ

- cpn> + cos GJ. cos en (41)

where v is the angle between unit vectors. By applying the transformation equa-
tions and integrating, the complete scattered intensity field for the individual ele-
ment da is obtained. Note, however, that this field is dependent on the polar angles
6 and ¢@_.

n n

Canopy Geometric Density Functions

The next step is to find the intensity of an ensemble of planar elements, each

of which is characterized by a slope and an azimuth. Let NCP and Ne describe the

number of elements da in the volume element AV that have a normal between
Pn and Pt Acpn and en and Gn + Aen, respectively. Let N equal the total
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number of elements in AV. Then, density functions may be defined by

D((p J) = lm o ANn (42)
n Acpn->0 N Acprl
S(%’”) " a6 0 N AB_ (43

where v and 1 are combined parameters indicating that D(cpn,v) and S(Gn,n)

may depend on such factors as stress, age, wind, and diurnal effects. The density
functions D(cpn,v) and S (en,n) then compose the fraction of leaves in the inter-

vals ¢@_ to @_+A¢p_ and O_ to 6 _ + AO_ and thus are subject to the normali-
n n n n n n
zation condition

27
fD(cpn,v>dcpn =1 144)
0

o\mm

s (E)n,r])den -1 (45)

The upper limit on S (Gn,‘q) implies that the normal to the upper surface of da

never drops below the horizontal. This simplifying assumption is convenient but
not necessary. If this assumption is not true, then values of da having a downward-
pointing n constitute another class of da that must be handled similarly to those
not having a downward-pointing n.

Formal Summing of Planar Ensembie Scattering

Having calculated the scattered radiance for an individual element da, the
problem is to sum the scattered radiance of all da in volume AV. Equations (38a)
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and (38b) can be compactly written

= 1. (46)

where i=p,t and j =U,L. The defining equation for intensity is

1 2n
p = ffl(k)|1}.(§§|dgs Y
00

Therefore, the power outgoing from da into AQS is
P, = I (K [kedajaq (48)

where Isa(lz) is intensity outgoing from da into AQS. The total power into AQS

from all da in AV is
N
P_= 2, p (49)

This sum over all P, is accomplished by using the density functions D (cpn »V)
and S(Gn,n) . The power into AQS of all da in AV in intervals den and dcpn
at Gn and ¢, then is given by

y . 50
dp. = n AVD(cp ,v>S<9 ,q)lda IS ’AQS de_de 60
Thus

p, = n AV AQsﬁsa(k)|ks-da|D<(pn,v>S(9n,n)d(pn e _ (51)
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where the integration limits over ¢_ and 6_ must be carefully defined. These
- . : n n
limits will be considered later.

From equation (15), the power scattered from AA into AQS may be ex-
pressed by

pg = IS(kS>AQS AA (52)
Equating expressions for Py gives
. _n AV 2 AT
I (ks> = Tflsaé{s)lks da|D<cpn,v>S<6n,r|)d<pn de_ (53

Using equation (22), which defines the phase function, P(1A<,1::') can be written

P(}% k) = Av4ﬂs (};S) | (54)
A vy Ii(f{i)AQi

Then

AR 41r,nfD(<p ,v)s(e ,n)d(p de
P<ks’ki> _ n n n n

I AQ, - (55)
i i
However, from equations (38a) and (38b)
=1+ 1 +1_ +1 (56)
Note that

Isa( s) |ks-da| = Isa(ks>da cos v, B
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Then, using equations (39a) to (39d) and ignoring integration limits, P(k k )
may be compactly written

P(ks’ki> = 47mfcos Y; cos Ys(‘)U Tt P, * ‘I:L>
X D((pn, )S (en,n> dcprl den (58)

where cos ' is a function of ei,cpi; Gn_,cpn, and cos Vs is a function of BS,(pS;

Py - Transformation to the observation frame makes the bidirectional functions

dependent on ei,(pi; es P en P Note also that P(1A<,1A<') is symmetric under

interchange of directions.

The phase function has been essentially reduced to an integral, the limits of
which are not straightforward or obvious and must be carefully defined. The indi-
vidual bidirectional reflection scattering functions for an individual element are
noted as potentially different depending on the side of da on which the radiation
is incident. In addition, the transformation of the bidirectional scattering functions
from the observation frame with asterisks to the observation frame without asterisks
has a complication. These functions are defined only in half spaces separated by
the plane of da. Therefore, the integration limits must be carefully specified to
cover only the nonzero regions and thereby to prevent the appearance of contribu-
tions from noncontributing regions.

Phase~Function Integration Limits

For a given incident and scattered direction, the problem is to specify the
integration limits on equation (58) so that integration includes only domains for
which the particular bidirectional function is nonzero in the z-vertical observation
frame. The quantity IpU will be nonzero for leaves both illuminated and viewed
from the upper surface; IpL will be nonzero for leaves illuminated and viewed

from the lower surface. The quantity ItU will be nonzero for leaves illuminated

on the upper surface and viewed from the lower; ItL will be nonzero for leaves

illuminated on the lower surface and viewed from the upper. The nonzero radiance
for a given leaf depends on the combination of 6 and ¢, Tranges that character-
izes the leaf.

The fundamental calculation used to define these various domains is calcula-
tion of the conditions for which a direction of interest is incident on the upper sur-
face or incident on the lower surface. This direction of interest will be either the
illumination or the view direction. This calculation may be done by considering
the dot or scalar product between the outward normal from the upper surface of
da and a unit vector in the direction of interest. Let n be the unit vector perpen-
dicular to da and let k be a unit vector in the direction of interest. The dot
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product between unit vectors gives the cosine of the angle Yy between them. This
quantity , which was shown in equation (41) for Yj , is

cos y; = sin 6, sin 6 _ cos <(pi - cpn> + cos 6, cos O (59)

If cos Y3 is positive, incidence is on the upper surface; if it is negative, in-
cidence is on the lower surface. When cos 1 is zero, n is perpendicular to ki

and, thus, the planar element is parallel to the direction of interest. When
cos y.=0
i

cos B -cot Gi cot en (60)

with

8 = <‘Pi - ‘Pno) (61)

where P10 is the azimuth angle of n at which cos Y4 changes signs. If
cot Oi cot E)n > 1, then & cannot exist and cos Y does not change signs. Be-

cause tan On is considered always positive, this condition may be written

| cot ei| > tan en (62)
which holds if
0<o_<ZI-o, (63a)
n 2 i
or if
0<e <0 -3 (63b)
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Under the conditions of equation (63a), cos ' is positive; of equation (63b), nega-

tive. Thus, in the regions defined, ki is incident on the upper and lower surfaces,
respectively, independently of P,

Requiring that cos Y3 be positive gives
cos (cpi - cpn) > cos Si (64a)
where 0< Oi <m/2 or
cos (cpi - (pn> > -cos &, (64b)
where ©/2 < ei < m. Under these conditions, cos Y; is positive if

q)i+8i<<pn<(pi+21t—65i (65a)

where 0 < Gi < Tm/2 and

cpi+7t-Gi<cpn<(pi+7t+8i (65b)

where ©/2 < 6i< T.

Similarly, requiring that cos Y5 be negative gives
cos (cpi - cpn) < cos Si (66a)
where 0< ei < n/2 and

cos ((pi - cpn> < -cos Si (66b)
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where 7t/2<ei<7t. Thus
(pi+81<cpn<cpi+21t—8i (65a)
where 0<6i<7t/2 and
- 65b
@, *m -8 <@ <@ tTw+8 (65b)

where m/2 < Oi < w®. The value of Si ranges from w/2 to .

Equations (63a), (63b), (65a), and (65b) enable construction of table II,
which gives six combined ranges of en and ®, for incident beams and a similar

number for scattered beams. These combined ranges are organized by subsets de-
pending on whether the direction of interest is in the upper or lower hemisphere
with respect to the horizontal. The primed classes indicate lower hemisphere direc-
tions of interest. The symbols U and L indicate whether the incident or scattered
beam lies in the upper or lower hemisphere with respect to the plane of the leaf.

The subscripts i and s distinguish incident from scattered beam directions. The
subscripts 1 and 2 distinguish ranges that are unrestricted in 2 from those

that are restricted in P, Thus, class UsZ would give the range of E)n and P,
for which the scattered intensity emanates from the upper surface of the leaf and
lies in the upper hemisphere with respect to the horizontal.

For a given incident and scattered direction, a leaf can lie only in one inci-
dent class and in one viewing or scattered class. The intersection of the six illumina-
tion classes with the six viewing or scattered classes then provides the integration
limits over the bidirectional functions for all possible combinations of illumination
and viewing. These intersections are labeled as classes 1 to 36 in table III, in which
the braces { } mean that the greater of the two quantities contained within should

be taken, and the brackets [ ] mean that the lesser of the two quantities contained
within should be taken.

Canopy Phase Function

The phase function, including integration limits, can now be written using
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equation (58) and table III.

PM<ks’ki) = 4mn da pr +ftU + pr + ﬁL
a b c d
X cos Y; COS ¥ D((pn, )S(Gn,n)dcpn den (67)

where the limits a, b, ¢, and d for the expression M are given in table IV.
The entries refer to the numbers of the intersection regions in table III. The factors
cos v and cos Yy are obtained from equation (41) and may be written explicitly

cos y; = sin Bi sin Gn cos (cpi - (pn> + cos Bi cos Bn (59)
cos y = sin es sin en cos ((ps - cpn> + cos OS cos en (68)

Note that i and s refer to incident and scattered directions for a given volume
element, not for the canopy as a whole. These equations complete the formal speci-
fication of the phase function.

MODEL | - SOLUTION OF THE RADIATION TRANSFER EQUATION USING THE
KUBELKA-MUNK APPROXIMATION

One approach to solving the radiation transfer equation begins with a tech-
nique for approximating the field within the canopy. When approximated, this field
can be used to solve the rediation transfer equation using the full anisotropic canopy
phase function. The assumption that the field can be factored to first approximation
into an upwelling uniformly diffuse component, a downwelling uniformly diffuse com-
ponent, and a reduced incident flux (remaining unscattered or absorbed incident
flux) is made in this approximation technique. This assumption is equivalent to
initially assuming a phase function that scatters uniformly across the upper hemi-
sphere and uniformly across the lower hemisphere. The upwelling, downwelling,
and reduced incident fluxes can be unambiguously expressed in terms of irradiance
(power per unit area) on a horizontal plane at some level z in some layer i. Thus,
E?»a (d,z) is read as irradiance at z in layer o resulting from the uniformly dif-

fuse upwelling intensity. The expression E?xa (-d,z) 1is read as irradiance at =z
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in layer a resulting from the downwelling uniformly diffuse intensity. The expres-
sion Exa(s,z) is read as irradiance at z in layer a resulting from the reduced

incident specular flux. Each irradiance depends on wavelength A.

Using an (d,z) (L as in Lambertian) for uniformly diffuse upwelling inten-
sity (radiance), LXa (-d,2z) for uniformly diffuse downwelling intensity, and
I)»a (s,z) for reduced incident intensity, the relationship between intensity and ir-

radiance is given by

E}\'a(d,z) = nL}\a(d,z) (69)
Eka(—d,z) = nL}\a(-d,z) (70)
E, (8:2) = AQSI}\a(s,z)us (71)

where AQS is the solid angle subtended by the source of the specular intensity.

No confusion should arise from subsequently suppressing the subscripts A and
a. Note that the specular intensity could also be expressed by Dirac delta functions
if desired.

Under the two stream plus specular and semi-isotropic phase-function assump-
tions, the radiation transfer equation can be transformed into modified Shuster or
Kubelka-Munk equations. This transformation gives a set of equations

3
DE; = ]gl aijEj (72)

where i=1,2,3, D= %, ai]. represents expansion coefficients, and E; and

E]. refer to E(d,2), E(-d,z), and E(s,z) as appropriate.

3

a.. - 6..D|E. =
; [11 13] i =0 (73)

1
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where Si. is the Kronecker delta function. This equation has solutions if and only

if the determinant

detIa.. -D 6..' =0 (74)
ij ij

This equation gives the eigenvalue equation

[D - Xalea =0 (75)

Solving for Fa gives

A Z
F =F (0)e ” (76)
o Qa

The symbol Fa represents eigenfunctions of the D operator with eigenvalues )‘a'

The Ei may then be expressed as linear combinations of Fa'

3
E. = Z A. F 77
1 a=1 10 «a ( )

where expansion coefficients Aia are functions of expansion coefficients a: and
the boundary conditions. L

The triplet of equations summed in equation (72) indicates that the rate of
change in Ei is linear with that of Ej . The aij are mathematical expansion coeffi-

cients. The physical task is to identify the ai]. with physical parameters of the

system that are measurable and that might vary with conditions to be detected.
For example, if aij values vary with leaf slope, which may be a function of plant

moisture stress, then moisture stress can possibly be detected by looking at the
aij . The physics of this approach is contained almost exclusively in the aij .

Formal Solution of the Kubelka~Munk Equations

Explicitly, the Kubelka-Munk differential equations as given in equation (72)
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can be written

dE

+ - =
Tz - B At ey 7%
dE_
ErE T TS T 9
dE_
Tz - %33Fs (80)

where E, =E,, E,= E_, and E,=E_. Equation (78) indicates that in the plus-z
direction, the change of irradiance E _ arises from E_ either scattered or absorbed
into E_, which is a negative change requiring the minus sign, or from E_ and

ES scattered into E, . Equation (79) is similar except that the change is positive

in the minus-z direction; thus, the signs are changed. Examination of equation (80)
shows that specular radiation once absorbed or scattered is no longer considered
specular; thus, 891 = 839 = 0. Remember that ES changes along the beam path,

which is not necessarily along z. This characteristic will be noted in the explicit

calculation of 8gq-

Solutions of the secular equation give the operator equations
D - a33 =0 (81)

D=aD=ua (82)

where

2
a - a \/(a + a \ - 4a..a
a, = 22 . 11 + 11 22_2 12721 (83)
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Using equation (77), the following can be written.

a.z oz g42
E+ = Alle + A12e + A13e (84)
o,z oz a,,2
— + - 33
E = Azle + Azze + A23e (85)
a, .z
_ 33
Eg = Agse (86)

Substituting these expressions into equations (78) and (79) and equating co-
efficients of like exponentials gives

<°‘+ * "111>A11 T aygfg =0 87)

( ) T ayphg =0 (88)

(a33 ) 13 ~ 319803 " 81383370 (89)

( ) ag)A;, =0 00

(azz ) 99 ~ 83181270 (1)

(333 ) 93 T 899813 T Agghgq = 0 (92)
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Solving equations (89) and (92) gives

891813 * 293 (833 * 294)

A _
211891 * (%33 * 211) (%33 *

= A 3
23 a22) 33

A,,850 — 81,8, — @
12723 13( 33 22) A (94)

A”:—am%1+P%'amﬂ%3+%ﬁ 33

Solving the remaining four equations gives

Ay, = (1 - 5+>Q (95)
A= (1 N 6_>R (96)
Ay = <1 . 6+)Q )
Ay, = (1- 6_>R (98)

where

(- % T 811 T %1 99
SRS PR P
oa - a + a
- T8yt Ay
§ g —a  — = (100)
- T8 7
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The quantities Q and R are determined from the boundary conditions. That
radiation is continuous across layer boundaries is assumed. If the only external
radiance source is without a diffuse component, then

E (0) =0 (101)

Further, the upwelling radiation field at the scil is given by

E 112%x 2n

A .
- 1 Ao
E+<zsoi1) i _(ngf./ff Pgoil K KB du' do' du do
T 900 0
+ Esff p(ﬁs,ﬁ)w dp' (102)

The quantity A33 from equation (86) is clearly the value of specular radiation at

z = 0, the top of the canopy. The distance from the top of the canopy to the soil is

Zeoil” The reflectivity of the soil is Psoil Thus

A33 = ES(O) (103)

ji
two sides of the scattering components (leaves etc.) are optically indistinguishable
and are uniformly diffuse (Lambertian) scatterers. Under this assumption, the fol-
lowing equations are obtained where a, is defined as #*g.

The expression aij = a.. will be shown to be equivalent to assuming that the

g = (az - b2> (104)

where a= a11 = a22 and b = al2 = a21.
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=c'b—c(k—a)A

A (105)
13 gz _ K2 33
where c¢ = a3 c' = 899> and k = gg-
Ay =R B, (106)
g -k
1
2
- b
6i=6=<2+b> (107)
A= (1 - 6>Q (108)
A, = (1 + 5>R (109)
Ay = <1 + 5) Q (110)
Ay = (1 . 5)11 (111)

The solution to the differential equations from equations (84) to (86) can be
written

kz
13 ai2)

E,(2) = QU - §)eB% + RA + e 8% + A

kz

E_(2) = QU + §)ef% + R - fe B + A qe (113)

41



kz

Es(z) = A33e (114)

Generalization to multilayers is accomplished by using the unabbreviated notation
for E (eqs. (69) to (71)) and subscripting all expansion coefficients a.. and A..
and their derivative quantities with the layer label «. i] 1

Development of Expansion Coefficients ay1s 3757 857y and 255

The first step in deriving expansion coefficients 2110 8190 291> and 899

is to consider the interaction of a single planar element with a downwelling or up-
welling uniformly diffuse field. An edge-cn view of such an element is presented
in figure 1. The symbols L and L_ designate the upwelling and downwelling

uniformly diffuse radiance of the field. These are related to the upwelling and down-
welling irradiance evaluated on a horizontal plane by

nL, = E (115)

I+
1+

Let Ip (k) be the intensity reflected from the upper surface of da; let
(k) be the intensity incident on the upper surface transmitted outward from the
lower surface; and let I (k) and I (k) be the reflected and transmitted intensity,

respectively, for intens1ty incident on the lower surface. Some portion of these re-
flected and transmitted intensities will be upwelling and some portion downwelling.
These intensities are expressed as a function of the direction k, which may be ex-
pressed by the usual 6 and ¢ polar coordinate angles in any chosen coordinate

frame.

In this coordinate-frame-independent notation, the bidirectional reflection
and transmission functions may be written p (k k') and t (k k') with j=U,L.

The symbols U and L refer to the upper angl lower surfacg of incidence, respec-
tively. Thus, the defining equations for pj (k,k') and tj (k,k') may be written

( ) = = fI (k')p (k k')k'-n dqQ! (116)
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and

fli(fv)rj(f( KMHK'eR 4o a1n
M

A=

1tj (k) =

The quantity Ii refers to incident intensity, and integration is over the upper or

lower hemisphere as defined by the plane of da.

Although the subscripts on t, U and L, will be retained as a simplifying
measure, note that reciprocity requires the transmission function obtained for upper
surface incidence to be related to the one obtained for lower surface incidence by
simple interchange of direction. That is, because

(kD = t(-k',k) (37b)
and because k and k' always lie in opposite hemispheres for transmission, then

1, (koK) = 1k, k) (118)

Clearly, the objective of this development is to obtain the total upwelling and
the total downwelling power resulting from the scattering of L+ and L_ by the

single planar element da. The coordinate frame for performing the integrations
may be chosen in any way that simplifies the calculation. The coordinate frame used
in this portion of the model derivation is illustrated in figure 1 and defined in table
V. In this frame, the x-axis is down the line of maximum slope of the leaf and the
y-axis is perpendicular to da. Thatis, n = éy' In this frame

nek = sin 0 sin @ (119)

Customarily, the measured bidirectional reflection and transmission functions
are given in the upper leaf frame with #n = é; and §X down the central line of sym-

metry. When the central line of symmetry is the line of maximum slope, the following
coordinate transformations are obtained; the quantities that have asterisks are the
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usual spherical polar angles in the upper leaf frame.

o=
v z
A - A*
I (120)
€ = e*
z y
sin © sin ¢ = cos 6%
sin 6 cos @ = sin 0* cos @* (121)
cos O = sin 0% sin ¢*
% — -1 [. .
6* = cos sin O sin (p]
* = -1 (
@* = cot tan © cos ¢
1 - (122)

® = cos Fsin 0* sin cp*]

L

@ = cot (tan 6* cos cp*]

In the integration frame, space may be partitioned as shown in table V and
figure 1. All L_ radiance incident on the upper surface of da in this partitioning

is contained in region a, all L_ radiance incident on the lower surface of da is
contained in region b, all L + radiance incident on the upper surface is contained

in region ¢, and all L_ radiance incident on the lower surface is contained in region

d. Further, all upwelling intensity emerging from the upper surface is contained
in region a, all downwelling intensity emerging from the upper surface is contained
in region c, all upwelling intensity emerging from the lower surface is contained

in region b, and all downwelling intensity emerging from the lower surface is con-
tained in region d. (Emerging intensity is that either reflected from the side or
transmitted from the opposite side.) These regions give the integration frame limits
whereby the scattered intensity can be written explicitly and, hence, the upwelling
and downwelling scattered power can be obtained, as shown in the calculations that
follow. The scattered intensities resulting from the downwelling diffuse intensity
L are given from equations (116) and (117) by using the integration limits a and
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b; thus

A L_. A A A A
Ly = = fo Ry |akr| aq (123)
a
N P
1, = TI—fIU(k,kv)|n-k'|dgv (124)
a
A L_ A A A A~
IpL(k) = —1t—pr(k,k')|n°k'|dQ' (125)
b
A L_ A A A A
1 (k) = TftL(k,k')ln-k'ldQ' (126)
b

The subscripts p and t indicate reflected and transmitted intensity, respectively.
Similarly, L and U indicate lower and upper surface incidence, respectively.

Let I + denote that portion of 1 I.., and I’CL directed upward, and

pU’ IpL’ U
let I_ denote that portion directed downward. Then, from the defining equation

for intensity, the upward-directed power P, is given by

27T
p, = daf1+(12)|ﬁ-f<|dg az2m
0

and the downward-directed power p_ is given by

27

p_ = da [ 1_cojarkjae (128)
0
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Thus, p, and p_ can be written as

SN R RN T TR S T

a

+ daf[IpL(k)|ﬁ-k| + 1y (k)|ﬁ-'k|] dQ (129)
b

and

p_ <9n,cpn> - daf[IpU(k;Gn,cpn) |hek| + 1L () |n-k|:| aQ

C

+ da/[IpL<k;en,cpn>|n-k| + Ly (R |n-k[:| dQ (130)
d

The quantities p,_ and p_ are the upwelling and downwelling power from

a single scattering component in AV. This component is characterized by a slope
en. The ensemble of elements in AV has some distribution of slopes. Thus, a

function S (en ,M) may be defined so that S (en,n)den is the fraction of components
in AV having slopes between en and en + On 0< Gn < m/2). The quantity
S (en,n) is a probability density function that describes the distribution of slopes

and azimuths. Thus, average power <p+> and <p > are defined by

<p,>=

bk

+(an)s <en,n> e (131)

s
2
<p> = fp_ (en>s (en,n) de_ (132)
0
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where S (Gn ,M) is normalized by

T
2

1= fs(en,n>den (133)
0

Note that p, and p_ are not irradiances (power per unit area) evaluated on

a horizontal plane but power per component element directed upward or downward.
To obtain the power per unit area across a horizontal plane, calculation of the number
of elements per unit of horizontal area is necessary. A volume element is

dv = dz dA (134

where dA is an element of horizontal area. Then, the number of elements in dV
is

N =ndV =n dz dA (135)

Then, the upwelling power from dV is simply
dp, = N<p+> = n dz dA<p+> (136)

Similarly, the downwelling power from dV is
dp = N<p > = n dz dA<p > (137

However, dp+/dA is simply the irradiance on a horizontal plane resulting from
scattering upward by the collection of elements in dV, and dp /dA is, similarly,

the irradiance on a horizontal plane resulting from scattering downward by the com-
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ponents in dV. Thus

dp,

dE,_ = gA = h<p>dz (138)
dp_

dE_ = aA " n<p >dz (139

From equations (138) and (139), the change in irradiance on a horizontal plane
resulting from scattering of downwelling L_ by the components in the layer dz
can be written

dE+
.._dz = n<p+> (140)
dE_
N = n<p> (141)

Similarly, the scattering of the upwelling uniformly diffuse field can be obtained.
Let the primes indicate quantities arising from L_. Then

L
IbU(k) = —nipr(f(,fc')ﬁ'k' do! (142)
C
A L+ A A A A
I (k) = Ter(k,k')n-k' Q! (143)
d
~ L+ A A A A
IbL(k) = ;—fPL(k,k')n'k' dQ! (144
d
A L ~ A A A
Iy = = [,k kDAk 40! (145)
C
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The limits ¢ and d were given in table V.

Dividing the radiation field into upward and downward power flow gives

p:- = da f[I;)U(k)|n-k| + I;L(k)|n-k|] dQ
a

+ da f[l;)L(fmﬁ-m + ITU(R)|ﬁ-f<|] aQ (146)

p' = da f[IbU(k)lﬁ'H + IIL(k)|ﬁ-'_k|] an
c

+ da f[IE)L(k)]ﬁ-k{ + IIU(k)|ﬁ-1A<|:| ao (147)
d

The quantities <p;> and <p'> are then given from the slope density func-
tions by

I
2

<p;>:f p'+<en)s<en,n>den (148)
0

T
2
' - 1
<p> f p' <9n>S <6n,'r]) dGn (149)
0
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Thus

dE;_

gz = n<pl> (150)
and

dE'

az - n<p'> (151)

Thus, change in irradiance, both downwelling and upwelling, due to scattered

L, and L_ has been obtained. The next step in calculating expansion coefficient

8. for i =1,2 and j=1,2 is to calculate the total power incident on da from

L+ and L_. From this quantity, the total power intercepted by both sides of the

components in the volume element can be calculated.

The defining equation for intensity or radiance gives the relationship between
intensity and power delivered to an area.

P

. :fli(e,cp)ﬁoaé dQ (152)

where k is a unit vector in the direction of the intensity. In the coordinate frame
shown in table V

A

n-k = sin 6 sin @ (119)

where n is a unit vector normal to da. When power is intercepted from L_ by da,
note that L_ is uniformly diffuse and, thus, constant; however, it is not upwelling.

Therefore, it is nonzero only for regions a and b in table V. That intensity contained
in region a is incident on the upper side of da, and that intensity contained in region
b is incident on the lower side of da. Thus, the total power delivered to the upper
surface of da by L_ is given by
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Py = daL_fsin2 0 sin @ d0 dg = 2(1 + cos ©) (153)

a

and the total power delivered by L_ to the lower surface of da is given by

py = daL_ f sin? @ sin @ d0 de = %‘(1 - cos 0) (154)
b

Similarly, using regions ¢ and d, the power delivered to the upper surface by the
upwelling L _ is given by

pl, = daL, fsinz 0 sin @ d6 de = 2(1 - cos ©) (155)
C

and the total power delivered to the lower surface of da by L, is given by

pl = daL+fsin2 0 sin ¢ d6 de = 2(1 + cos 0) (156)
a

Adding the power intercepted by both sides, the total power from L_ inter-
cepted by da is obtained.

Py * Py, = 7L_ da (157)
The total power from L_ intercepted by da is
[ 1 | -
P Py + Py, 7rL+ da (158)

A peculiarity of a uniformly diffuse field is that the total power intercepted by an
area is independent of slope or orientation. With equation (158), the derivation has
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been completed, and it is possible to write expressions for a11> 8190 299> and
899

Returning to the Kubelka-Munk equations and their development, note that
allE . 1s the portion of E, lost over dz because of either absorption or redirection
downward of E,. The total upwelling power intercepted by da is given in equa-

tion (158). The amount of power emerging upward from da is given in equation
(148). The difference is that power lost by intercepting da. Thus

aj(E, = n[L+1r da - <p’+>] | (159)

Similarly, aZZE— is the change in E_ lost over dz because of either absorption
or redirection of E_. Using a similar argument for the derivation of a;4E, and

using equations (132) and (157), azzE_ is given by

a,,E_ = n[L_'it da - <p_>] (160)

The expression ale_ is the portion added to E, over dz by scattering of E_

into E_. This quantity is given directly from equation (140) by

dE,
a,E_ = = = n<p > (161)

Similarly, 321E+ is the change in E_ over dz resulting from scattering of E,

into E_. This quantity is given directly from equation (151) by

321E+ = n<p'> (162)
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Note that E_=L_n and E_=L n. The first four aij can be written

<p;>
all = nl|da - I 7 (163)
+
n<p+>
12 7 L= (164)
n<p'>
a1 = T = (165)
+
<p >
322 =n da - —LF (166)

The preceding ai]. are not necessarily equal. Equality of some of the a,: is obtained

only under special circumstances to be discussed in a later special-example calcula-
tion. The preceding derivation leaves only ay3s 299 and agq undeveloped. These

coefficients relate changes in the specular or directed component incident on the
upper surface of the canopy. Dealing with the specular component is somewhat more
complicated because the incident intensity is not uniform over a hemisphere; however,
it is simplified socmewhat because integrals over beams (differential solid angles)
are trivial.

Development of Expansion Coefficient a3

A primary assumption for all models has been that the scattering components
(leaves, branches, etc.) are representable by a collection of planar scattering ele-
ments da, each of which has an associated slope en and azimuth P, and a unit

normal to the surface n. Then, the slope angle Gn will be the customary zenith

angle 0 in a z-axis vertical coordinate frame. Furthermore, density functions may
be defined as D(cpn,v) (eq. (42)) and S(en,'r]) (eq. (43)). The expression

D(cpn,v) represents the fraction of leaves having an azimuth between Pn and
P, t dcpn. The expression S (en,n) represents the fraction of leaves having a
zenith angle between Gn and Gn + den. Using the outward-drawn unit normal,

a vector element was defined in equation (5).
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Define IO(G 0,(po) as the specular intensity incident on the upper surface
of the canopy; this intensity will be contained in the solid angle AQO intercepted
by the Sun. The expression ﬁo(eo,cpo) is a unit vector in the direction of the solar

or specular intensity. Then, the irradiance on a horizontal plane at the upper surface
of the canopy would be given by

ES(O) = I0 AQO“O (167)
where Hg = cos 90 and where the irradiance of the specular beam measured
perpendicular to the beam is given by

= 168
Ep =1, AQ, (168)

The cross section presented by some da to the beam will be given by
a_a--ko = da]cos yo| (169)

The expression for cos is given by considering the dot product of k. and
P Yo 0

n expressed in a z-axis vertical coordinate frame where the x direction A(direction
of ¢ =0) is left arbitrary. (See eq. (41).) Defining the angle between kO and
n to be Yo gives

| cos yO| = |sin 6, sin 6 _ cos <cp0 - (pn> + cos 8, cos Gnl (170)

The expression for cos Yo is then a function of Gn and ¢, explicitly. Using the

density functions D(cpn,v) and S(On,n) , an average cross section may be defined
by

T
2n 2

<daL>(p o - da f fD((pn,v>S<9n,n) | cos yo|dcpn de (171)
0

0
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. or

<da>(pnen = da<|cos y0|> (172)

where

3
21 2

<|cos y,4l> = ffD (cpn,v>S<9n,n>|cos yoldcpn ae (173)
0 0

where it is assumed that no leaf has a slope >m/2; that is, elements do not turn over.

Performing the integration over On and Pn to obtain <cos yO> is completely
straightforward if cos Yo has no negative values. If cos Yo has a negative value,

as would usually be expected, and thus passes through zero, the integral must be
broken up into a sum of integrals over regions for which the sign of cos Yo does
not change.

The average value of a function 4 (t) over an interval T is given by

~|

T
<h(>, = L /6(t)dt (174)
0

As noted, < ‘ @ | > =<4 (t)> if and only if the sign of §(t) does not change.

If, however, there are regions of the interval T for which §(t) possesses a nega-
tive sign, the absolute value of the function over the whole interval T is found by
taking the negative value of the integral over the regions in which the function is
negative and the positive value of the integral over the regions in which the function
is positive.

<|5(t)|>T = :},— fﬁ(t)dt - fﬁ(t)dt (175)
T, T
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where T denotes the positive regions of §(t) and T_ represents the negative

regions of {(t) within the interval T. The boundaries of these regions are marked
by the function passing through zero; thus, the boundary is found by solving
{(t) = 0 to obtain TO'

For the specific instance of obtaining <da>, the basic problem is averaging

cos y,. Setting cos =0 (eq. (170)) gives
0 g Yo g

sin Gn sin Oo cos(cprl - q)0> + cos Gn cos 60 =0 (176)

or

cos & =-cot® cotH (177)
n o)

where & is defined as the value of P, " P, for which cos Yo = 0. Physically,

this value corresponds to the value of & for which the leaf is parallel to the solar
beam. Because en and 90 are 0< en <7n/2 and 0< 90 < m/2, respectively,

both cot Gn and cot GO are positive. Thus, because the cosine is never greater

than 1, the condition for & to exist can be expressed as

cot & coto <1 (178)
n )
from which the following may be written
<o +0 <m (179)
2 - o -

as can be seen from the following trigonometric manipulations.

cot® cot@ = ©05(On - 60) i cos(en i 60) <1 (1802)
n o cos(en - 90) - cos(en + OO) =
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or

cos (en - eo) + cos(en + eo) < cos<en - eo> - cos<6n + eo) (180b)
or
cos (en + eo> <0 (180c)
Thus,
T<e +06 < (179)
2 = "n o~

The average of cos Yo Over ¢ can then be written, using equations (178) and
179), as

8+cpo 27:—8—(p0 2w
1 B
<|cos 'Y0|>(Prl = 5= f + f cos v, D(cpn>d<cpn> (181
o 8+cp0 27t—8—cp0

Then, averaging over Gn is done by rewriting the existence condition for & (as
defined in eq. (179)) as & # 0 if and only if w/2 - Gn < Gn <n/2 andas 8 =20
if and only if 0 < en <m/2- en. Thus, two ranges over en are established:

that for which 8 exists and that for which it does not. Then, the complete expres-
sion for the average of cos Yo over Gn and ., is given by

T o T
2 "o 2= 2 B+ 2n-8-¢_ 21
_ 1 _
<|COSYO|>Gncpn_2—n f f + f f f +f
0 0 w_o |0 S+, 2m-8-¢p
2 "o
cos v, S<Gn>D<cpn>d9n d(cpn) (182)
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For the interesting phenomenon of azimuthal symmetry where D(cp ) =1,
equation (182) can be simplified by using the general relationship

27

f cos Yy dy =0 (183)
0

and the normalization equation for the azimuthal density function (eq. (44)). Per-
forming the integrations gives

T_o
2 o
_ )=
<|cos yO|>e o - 4{ 5 cos eof cose ae
n'n
0
L3
2
+ cos O f cos 0 S(G ><8+(p —E>d6
o) n n o 2 n
T
2%
T
2
+sin O_ sin @_ f sin 6 S (en) sin (8 + cp0>d9n (184)
T
7%

However, equation (177) and the identity tan = sin/cos give

sin Gn cos (8 + cpo) sin 60
cos B =~ (185)
n cos O
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Thus, the second and third terms of equation (184) can be combined.

279

AT
<cos Y°>9n‘Pn =4 7 Ccos 90 J- S<6n> cos 9n den
0

o)
\'Nl?-l

T
+ cos O cos On S<9n> [8 + Py~ 7 tan <6 + cpo>:l den (186)
-0

(o)

[N

The quantity a can now be developed. The amount of IO(G 0® 0) inter-

33 -
cepted over a path df along k 0(90 » P 0) will be proportional to the fraction of the

total cross section of the beam obscured by the elements in a volume element along
d?. A volume element dV along df is given by

dVvV = da df (187)

where da is the cross section of the volume element. The number of elements in
dV is given by

N =n dv (188)

where n is the number density of elements. The total cross section of all elements
in dV is then

N<da> = n dV«da> (189)

However, the fraction of the beam obscured is given by

F = Niddﬁz = n de<da> (190)
a
Then
FE
%f— = 7;29 = n<da>E, (191)
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However

dz
de = Y (192)
0
Therefore
q = D<da> (193)
33 Mo

Now, only the quantities a1q and 9 must be developed. This development

is complicated for several reasons. The specular incident intensity is incident on
the top of some leaves and on the bottom of others. Because I0 depends on ¢,

azimuthal dependence becomes important. For this reason, all elements, including
the bidirectional reflection and transmission functions, must be referenced to a sin-
gle coordinate frame.

Development of Expansion Coefficients a13 and a5

The expansion coefficients a;g and 55> which relate the specular intensity
to that scattered upward and downward, are obtained by noting a13E 0 28 the change
in upwelling diffuse intensity over dz due to scattering of specular intensity where

E, =1 AQ

0~ Yo Mo (194)

Similarly, a23E0 is the change in downwelling diffuse intensity over dz due to

scattering of specular intensity.

From the development of the phase function, it was shown that the scattered
intensity from a volume element upon which intensity IO was incident was given
by equation (22).

k) = 2plkr AV
IS( ) 4nP< ’k0>AA I0 AQ.O (195)
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From equation (15), the power (p+ for upwelling and p_ for downwelling) scat-

tered from the volume element is given by

h

+

_ _ 1 o
p, = AA f I, dQ = z= AVI) AQ fP<k,k0)dQ (196)
,h

where _h refers to upper or lower hemisphere, respectively. Thus, P, is up-

welling and p_ is downwelling power. However,

P, dEt
AV T dz (197)
and
dE, E, -
= = 4H07‘ f P(k ,k0>dQ (198)
th
Therefore, a3 and 854 are given by
a,, = 1 fP k k) ao (199)
13 41tp.0 0’
,h
_ 1 T ot '
%23 7 dmy, f P<k0’k) de (200)
h
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Bidirectional Reflection Function for the Canopy as a Whole
The objective of the Kubelka-Munk approach is to obtain an estimate of the
radiation field at any level within the canopy. This estimate is then used in the
formal solution of the radiation transfer equation to obtain the upwelling field at the

upper surface of the canopy. The formal solution to the radiation transfer equation
as shown in the appendix equations (269) to (278) may be written

dALI) - 16,k - Fak (201)
where 1t is the optical depth of the canopy, with F(r,ﬁ) -.given by

1 2n
F(,k) = 4—7% ff P(ﬁ,&')lt(r,ﬁ')dg' (202)
-1 0

The formal solution is given by the method of integrating factors as

dt' (203)

where T is the upper surface of the canopy and t' is specific optical depth, with
dt = -n <da> dz and 1A<+ being the upwelling or the downwelling k. The function
It (t,f{') is the total field at ¢, which is obtained from the Kubelka-Munk solution.

Thus

It(t,k) = L_’_(t) +L () + Is<t,k0> (204)
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However

E (O
L+(t) = (205a)
E (v)
L ()= — (205b)
and
T
A A |’J.O
Is<t,k0) - IS<O,k0)e
. )
E_(0.,k i
o%o
Thus, F(,k) can be explicitly written '
) . E_ (0 1 2w o
— 1 1 1
F(t,ki) =) R ffP(kt,k>dp de
n°o o6
E+(T.) 0 2n o | '
1
A [/P k., k')dp' do
-10
e
E H A
L 0,170 P(k+,k> (207)
47 Ko 270

where T is the upper surface of the canopy.
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From a knowledge of I(t0 ,k), it is possible to specify a bidirectional reflec-

tion function for the canopy as a whole. The defining equation for the canopy bi-
directional reflection function can be written ‘

(208)

where I(0,1A<) is the upwelling intensity at the top of the canopy, W is the cosine
of the zenith angle of k, and 1 is the optical thickness of the canopy as defined in
equation (275) in the appendix. The expression Is (ko) represents the illumination

at the top of the canopy contained in AQO . The canopy bidirectional scattering

functions are discussed in greater detail in appendix equation (288) and those that
follow.

Once the canopy bidirectional reflection function is known, the upwelling ra-
diation for any condition of illumination may be calculated. Because the canopy bi-
directional reflection function is so complicated, a thorough understanding of its
characteristics can only be attained by programing the model and doing variational
studies. However, valuable insight can be obtained by considering some less com-
plex, special examples.

MODEL 1i

The purpose of the canopy model is to aid in the interpretation of spectral
data. Ideally, the probably unattainable objective for a canopy model would be to
provide unique, theoretical signature inverses from which signatures or collections
of signatures could be clearly interpreted in terms of type, condition, maturity,
yield, and so forth. Realistically, however, the model should improve understand-
ing about how various characteristics affect signatures or how data might best be
taken to minimize ambiguities. In short, a realistic goal would be that the model
provide understanding and, thus, improve data-taking and analysis techniques.

One problem in using the previously derived model approach is the complexity.
It is difficult to gain insight simply from the study of the structure of such compli-
cated systems of equations. Insight can be gained through programing the models
and performing parametric variation analysis.

Another practical problem is the paucity of bidirectional scattering data for
canopy components. Although some information is available in the NASA Earth Re-
sources Spectral Information System, it is not sufficient. The best available work
known to the author was done by Breece and Holmes (ref. 3), who have studied the
bidirectional scattering characteristics of green soybean and corn leaves for top
incidence.
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The obvious approach is to consider some simpler but, hopefully, sufficiently
realistic models. At best, the simpler models based on reasonable assumptions (at
least for some wavelengths) may produce sclid predictions of canopy reflection.

At worst, use of such models will simplify the equations so that insights for guiding
the parametric equations may be gained by merely studying the structure of the
simpler equations.

The most appsrent simplifying assumption is that the bidirectional scattering
functions are constant; that is, to assume that the components are uniformly diffuse
or Lambertian scatterers. Breece and Holmes suggest that this is an excellent
assumption for the transmission function at wavelengths from 0.37 to 1 micrometer
and almost equally as good for the upper surface reflection function at wavelengths
higher than 0.75 micrometer. An array of planar scatterers, each of which is indi-
vidually Lambertian, does not necessarily give rise to Lambertian scattering for
the entire array.

Additional simplifying assumptions for the modified Chandrasekhar approach
include assuming the azimuthal density function D((pn,v) to be constant and the

slope density function S(en,n) to have some analytic form, such as a Gaussian

distribution around some mean slope. A further simplification is obtained by con-
sidering only the vertical look direction, which is appropriate to spacecraft-mounted
sensor systems.

The first special situation is that of constant leaf bidirectional reflection func-
tions. The reflected and transmitted intensities for upper surface incidence on com-
ponent da are found from integrating equations (123), (124), (142), and (145);

‘for lower surface incidence, from integrating equations (125), (126), (143), and

(144). In the following equations, G is defined as (m/2)(1 - cos 8) and T is
defined as sin 0 sin .

fI‘dQ=1t—G (209)
a
fr dQ =G (210)
b
fr dQ =G (211)
C
deQ.=7t—G (212)
d
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where

dQ2 = sin 6 d6 dg

Thus, for L_, integrating equations (123) to (126) gives
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These expressions can then be used to integrate equations (129) and (130)
to give upwelling power and downwelling power due to downwelling incident
intensity .

daL_

Py~ 7z 3[9U(" "G+ ‘LG] (m-G) + [pLG + 1yn -G)]GE (222)
dalL_

P_ = —% g[tU(n -G) + pLG] (t -G) + [‘[LG + pU(T[ - G)]Gz (223)

Integrating equations (146) and (147) gives upwelling and downwelling power due
to upwelling incident intensity

daL+

p_'+_ = - 3[’[L(Tt -G) + pUG] (7[ - G) + [[UG + pL(Tt - G)]G% (224)
daL+

pl = — ;[pL(n -G) +.‘UG] (t - G) + [pUG+ S G)]Gg (225)

Then set
T
2
" 2
D fG en S On,n den (226)
0

TR'

I
i N

G (en)s <6n,r|>d9n 227)

67



Thus, using equations (131), (132), (148), and (149), the average upwelling and
downwelling power from scattering of downwelling and upwelling intensity is given

by

<p,> = daL_g[pU + P ~ ZI:,nD' + 2[‘[ - pU]nR' + pUnf (228)
_ (e - Tt + [, -
<p> daLl. ){2t Py + PL, D' + PL, + Py 2t|mR' + (229)
L § L .
<pl> = daL+;_2r - <pU + pL>d D' + TPL t Py T 21 nR' + ‘“2 (230)
<p'> = daL+; Py * Pp ~ 2{|7tD' + [2<t - pL>] nR' + pL1t§ (231)

Then, using equations (163) to (166), which define the expansion coefficients,

4110 %120 %971°
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and a may be written

22

v

a;, =n dagl “ 4+ [2t - (pU + pL)]D' + [(pU + pL) - 2E|R'$ (232)
a,, = n da}[(pu *pp) - 2:}D' + 2[r - pU] R' + pUg (233)
gy = D dagpL + [(pU " pL> - 2t]D' + z[r - pL]R's (234)
8y, = n da;1 “t+ [2: - <pU + pL>] D'+ [(pL ¥ pU) - 2:] R'$ (235)
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Further, consider the situation in which Py = Prj this gives

a;,, = n dA{l -1+ (1 - p)B} (236)
a, =n dA{p + (- t)B} (237)
a,, = n dA{p + (p - t)B} (238)
8y, = 1 dA{l St (- p)B} (239)

where

T
2
: | G
D'-R =B =z [ G(=- 1)s(e, n)dae (240)
0

Notice that where p =1, the B expression, which carries all the slope characteris-
tics, is removed from the equation. A preliminary conclusion is that in those spec-
tral regions in which transmission is nearly equal to reflection, the effects of leaf
slope are minimized; thus, variations in slope caused by wind should cause decreased
statistical variance in S(k,k') and, hence, in signature.

The expansion coefficients a3 and 89q for constant bidirectional scattering

functions can be found in a straightforward manner by noting that the reflection and
transmission scattered intensity is proportional to the irradiance. Thus, from the
defining equations for the bidirectional scattering functions (eqs. (37b) and (116)
to (122) and table V), the intensity due to reflection from the upper surface IpU s

the intensity due to transmission from upper to lower surface IIU ,» the intensity due

to reflection from the lower surface IpL , and the intensity due to transmission from
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the lower to the upper surface ItL can be written

Ly = Iiﬁp—[] !ﬁo.ﬁl (241)
1 = I_O-%OIE lﬁo-n (242)
I = I—@Qﬁ: lﬁo-ﬁ (243)

where

ko-n = cos vy, = sin 90 sin Gn cos ((po - cpn> + cos GO cos Gn (245)

If cos vy 0 is positive, then incident intensity is on the upper surface of da
and IpL = I‘CL =0. If cos Yo is negative, then incidence is on the lower surface

of da and IpU :ITU =0.

In the section entitled "Canopy Geometric Density Functions," it was shown
that the conditions for upper and lower incidence can be written as follows. When
cos v, >0

T
0<9n<§—cpO 0<cpn<21t (246a)
or
T <9 <L 9.-8 <@ <@ +5d (246b)
7~ P n > 2 i % n i %
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When cos Yo <0

Ul

T_-e,<06_<
n 2

5 0 ¢, + 8, <o < @,+2m -8 (247)

where, expressed in a z-vertical coordinate system
Si = Ccos [cot en cot 90] (248)

The upwelling power reflected from the upper side of da is given from a considera-
tion of figure 1 by

+

ppU = IpU da f cos y dQ (249)

a

where the upwelling power is independent of coordinate representation; therefore,
a convenient representation is chosen: n =x and y is along the slope of da.
Thus,

cos Yy = sin 6 sin ¢ (250)

Similarly, the downwelling reflected power from the upper surface is given by

Poy = IpU da f cos v dQ (251)

C

The downwelling transmitted power is given by

Py = ItU da f cos y dQ (252)
d

and the upwelling transmitted power is given by

+ —
Py = Ly de f cos vy dQ, (253)

b
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Combining equations (249), (253), (241), and (244) gives the total upwelling
power for a scattering element da illuminated on the upper surface.

* (o _ o %% cos v. da + 1 f cos v dQ (254)
Py n""n) T Yo Py U Y
' a b

And combining equations (241), (244), (251), and (252) gives the total downwelling
power for a scattering element da illuminated on the upper surface.

_ IO AQO
pU(Gn,cpn) = da cos YolPy f + U f cos y dQ (255)
c d

Note that these expressions are for a particular da characterized by particular
values of Gn and Py

The integrals appearing in the preceding expressions have been evaluated
in equations (209) to (212) and, thus

+ IO.AQ0 cos v, da
pU<en’(Pn> = T [pUn + (IU - pU) G] (256)

and

_ IO AQO cos v da
Py <9n,cpn> = T - [rUn + (pU - tU> G:I (257)

where, by definition, G = (n/2) (1 - cos 6). When elements are illuminated by I0
in AQO incident on the lower side of the element da, they are handled similarly.

The reflected intensity is given in equation (243), and the transmitted intensity is
given in equation (242). Then, the upwelling reflected power is

+ A A
Py, = Iop, 92 f k,n do (258)

b
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and the downwelling reflected power is
To= K *h (259
Py, = Iy, de f k_*h aQ )
The upwelling transmitted power is
T=1.d Kot 260
P, 7 4L afkr-ndQ (260)
a
and the downwelling transmitted power is
py =1 da f}% 0 dQ (261)
c
Using the already evaluated integrals in equations (209) to (212), the total upwelling

power for lower incidence from da is

I0 AQO cos v,

p}:(en,cpn> = _ da [an + (pL - tL)G] (262)

and the total downwelling power for lower incidence is

_ I AQ cos Yo
pL(Gn,cpn> = _ da[an ¥ (IL - pL) G] (263)
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The total upward-directed power is obtained by integrating all da over the
distributions expressed in the density functions S (en,n) and D(cpn,v) » where
the limits are obtained from the conditions on the sign of cos Yo given in equations

(246) and (247).
The total upward-directed power by all elements in AV is given by

T o T
2 70 2=w 2 <p0+80
p+ = n AV f f + f f S(Gn,r])Dépn,\)p:'J den do:pn
0 0 T ©,-0
-0, %070
X
) @ +27-8
0 0,
+n AV f f p; (Gn,(pn>S<Gn,T]>D<(pn,v)d6n de_  (264)

Te, ©0*%

T o 2
2 70 2¢ 2 (p0+80
p =n AV f + f f p&(en,cpn>8(9 m)D(cp ,v>d6rl de_
0 0 m, ¢,
2 90 0 0
L3
2 (p0+21t-80 .
+n AV f f pL<9 ,(pn)S<9n,T]>D((p ,v)den ap_ (265)

T_g ®¢*d
3 90 00
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As in equations (196) to (200), a13 and a23 are found from the total upward
and downward power by

+ .
=P
213 AVE, (266)
_ p
%23 ~ AVE, (267)

Because the quantity g4 is independent of the bidirectional scattering functions,

it is unchanged from the expression given in equation (193). Obtaining the same
upper and lower bidirectional reflection functions simply requires removing the sub-
scripts U and L from the previous expressions for expansion coefficients aij .
Interestingly, in the wavelength regions where p =1, the geometrical factor
G disappears. Thus, the effect of leaf slope in those regions may be expected to
be diminished inasmuch as leaf slope appears only in 8gq- Therefore, in these

spectral regions, leaf slope variations probably will be dominantly seen in the single
scattering component of the specular intensity as expressed in the g4 term. In

addition, slope will be expected to affect optical depth as defined in equation (275)
(appendix), which will then change the effect of lower layers and the soil. However,
if the canopy optical depth is a factor of 3 or more (that is, the specular beam has

been reduced by a factor of e—3) , then slope will have little effect in exposing the
soil to either illumination or view. Thus, soil will have little effect on reflected
intensity.

MULTILAYER CANOPIES

Heretofore, the canopy model calculations were explicitly written for a single-
layer, single-constituent model. For some canopies, these calculations will be suf -
ficient. For others, extension of the model to multilayer, multiconstituent canopies
will be necessary. All the fundamental calculations and principles for the multilayer,
multiconstituent canopy were developed in the single-layer, single-constituent cal-
culations. An explicit expression of the multilayer, multiconstituent model would
require an extremely complicated notation. However, a description of procedures
for performing the extension can be easily presented and should be sufficient for
any investigator attempting to program the model.

Generalization to multilayers affects the model at essentially two points: the
boundary conditions on the Kubelka-Munk equations for a given layer and the calcu-
lation (using the formal solution to the radiation transfer equation) to find the up-
welling intensity at the surface of the canopy. The boundary conditions for a single-
layer canopy are used to solve for the terms Q@ and R as given in equations (95)
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to (98). In the multilayer calculation, each layer is subject to a separate set of
Kubelka-Munk equations, constructed for each layer in exactly the same way as for
the single-layer canopy. Thus, each layer will have Q and R terms. The set

of equations resulting from the equations for @ and R for each layer will be a set
of simultaneous algebraic equations that must be solved using the boundary conditions
appropriate for the multilayer calculation. The multilayer calculation gives a set

of equations in Qi and Ri where 1 is the index for the layer. If there are four

layers, then i takes the values 1 to 4.

The boundary conditions at the top of the canopy and at the canopy-soil inter-
face are the same for one layer or for many layers. These boundary conditions are
given in equations (101) and (102). An additional boundary condition between layers
is that the downwelling uniformly diffuse radiation at the bottom of one layer is equal
to the downwelling uniformly diffuse radiation at the top of the layer immediately
below it. Similarly, the upwelling uniformly diffuse radiation at the top of any one
layer is equal to the upwelling uniformly diffuse radiation at the bottom of the layer
immediately above it. The attenuated or reduced specular beam intensity at the bot-
tom of one layer is equal to the attenuated specular intensity at the top of the layer
immediately below it as well. In short, the total radiation field at any interface be-
tween layers has only one value, and that value is shared by both layers.

The other point at which multilayers affect the model calculation is in the use
of the formal solution to the radiation transfer equation (eq. (2)) to find the upwelling
intensity at the top of the canopy. The problem may be most simply solved in a
sequential, layer by layer manner, beginning at the bottom and working upward.
First, the radiation transfer equation formal solution is used to find the intensity
at the top of the bottom layer by using the Kubelka-Munk-derived fields for the bot-
tom layer in precisely the same way described for the single-layer model. By impli-
cation, a phase function for the first layer must be calculated by using precisely the
same procedure described for the single-layer model. Once the intensity at the top
of the bottom layer is found, this value becomes the same as IO(k) for the second

layer, and the process is repeated for each successive layer until the value of up-
welling intensity at the top of the top layer is found. This value of upwelling inten-
sity in the k direction is then used in precisely the same way to determine the total
canopy reflection scattering function S(k,k') as was done in the single-layer
development.

Generalization to multiconstituent canopies affects the model dévelopment in
two places. The first place is in the ai]. , the expansion coefficients for the Kubelka-

Munk equations. The second place is in the development of the phase function.
Conceptually, the generalization of the aij to multiconstituents is simple. Because

the a.. are developed from the assumption of single scattering within some volume
i
element, a separate a;. can be developed for each constituent. These aij are then

added. If the constituent index is taken as m, then for an N-constituent layer, the
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total aij for the layer would be given by

a = g::l (aij)m (268)

The total ai]. would then be used to solve the Kubelka-Munk equations in the same

way as for a single-constituent layer. Similarly, the phase function for a multicon-
stituent layer would be the simple sum of phase functions for each constituent.

Clearly, conceptual generalization of the model to multilayers and multicon-
stituents is not particularly difficult; however, the notation and computation can
become complex. In summary, computation for multilayers and multiconstituents
within layers requires the calculation and summing of a set of ai]. and the calcula-

tion and summing of a phase function for each constituent within each layer. Of
course, the physical system could enable some fortuitous simplifications. For exam-
ple, if the canopy consisted of leaves in which only the volume density varied with
height and if reflectivity, transmissivity, and slope and azimuth distributions re-
mained the same, the calculation of the ai]. and the phase function for multilayers

would not be difficult. Similar simplifications might be effected if only slope or
azimuth distributions changed with height or if only reflectivity and transmissivity
changed with canopy height.

UNRESOLVED QUESTIONS AND DIRECTIONS FOR FUTURE WORK

Although much has been done, much remains to be done in the fundamental
theoretical analysis of canopy reflection. A differential equation approach requires
the assumption that a differential volume element can be meaningfully defined. This
assumption implies the existence of a volume element that is small compared to the
depth of the canopy and that has average values similar to those of adjacent volume
elements. The validity of this assumption seems to be related to leaf density in a
way that is not quantitatively clear. Thus, one important question is over what di-
mension can homogeneity be assumed? A related question is what canopy character-
istics are necessary for the Kubelka-Munk-type approximation to be valid? These
characteristics are probably a function of both density and geometric distribution.
Such questions could be usefully investigated in a laboratory using a carefully con-
structed artificial canopy having translucent plastic arrays.

Another unanswered question concerns the horizontal inhomogeneity or row
effects on canopy reflectance. Purely theoretical consideration of this problem is
even more difficult than that for the nonrow example considered in this paper.
Hopefully, the study of special, less complex situations will enable simplification of
the problem to the point at which the horizontally anisotropic situation can be made
tractable.
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Another important and possibly critical question that is not addressed in this
paper or in other current modeling efforts is the theoretical characterization of grain
heads such as those found in wheat. The straightforward characterization of a head
of wheat as a collection of planar elements may not be possible. This question is
important because 50 percent of the top layer volume of mature wheat can be occupied
by heads. The solution to this problem may be simpler than it appears; however,
the problem remains unsolved.

In the future, a workable canopy model less complex than those presented
in this paper probably can be developed. This development should be possible once
the dominant effects are clearly established. For example, it may be found that the
radiation reflected only once from the leaves is the dominant effect and that the re-
mainder of the upwelling radiation of the canopy can be ignored. Further, because
single-surface radiation often is strongly polarized, it is probable that front surface
scattering can be isolated and also that polarization may prove to be a powerful remote-
sensing diagnostic tool. Even though the models could be generalized to include
polarization by writing them in polarization matrix form, this formulation has not
been done. Clearly, analysis of the models presented in this paper raises as many
questions as it answers.

CONCLUDING REMARKS

An ultimate usefulness of canopy modeling in remote sensing is the identifica-
tion and quantification of the causes of variation in the statistical properties of canopy
signatures. These statistical properties include the mean vector, the covariance
matrix, and the correlation matrix or some other measure of separability. Excluding
atmospheric effects, the models presented can be used to identify these causes of
signature variation. Little can be said quantitatively, however, until models have
been programed and experimentally verified, factorial tests have been performed,
and limits on applicability have been determined. Nevertheless, some insight can
be gained from the structure of the model equations.

The causes of canopy signature variation are identified as variations in com-
ponent (leaf, stem, tassel, etc.) slope and azimuth distributions as expressed in
the slope and azimuth density functions, variations in componrent density, variations
in component bidirectional reflection and transmission, variations in soil reflection
properties, and variations in illumination conditions of both solar and sky components.
The complexity of the physical situation is evident; thus, the complexity of the canopy
model follows. However, in spite of the complexity, analysis of the models shows
that the canopy modeling problem is solvable. Because of the complexity of the
physical situation, it is probable that a purely experimental program to determine
the cause and effect relationships of canopy signatures is impractical and may be
impossible. Thus, the use of theoretical models to quantify signature variation cause
and effect appears essential in any program. Further, because of the complexity
of the physical situation expressed in the models, it is likely that experimental pro-
gram data and remote-sensing measurements will be taken under circumstances that
result in simplifications. One possible simplification is to restrict measurements
to that portion of the spectrum in which skylight is minimal and to atmospheric con-
ditions in which cloud contributions are low. Another possible simplification would
be to restrict look directions to the vertical, though such a restriction may impose
undesirable limits on diagnostic capability.
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A final conclusion from the structure of Model 1I is that there are probably
regions of the spectrum in which variations in slope and azimuth distributions will
have minimal effect on signature variation. In these regions, the components are
approximately Lambertian and the transmission and reflection of the leaves is approx-
imately equal.

Although this investigation is incomplete, the insights presented will hopefully
contribute to raising the quality of future remote-sensing research.

Lyndon B. Johnson Space Center
National Aeronautics and Space Administration
Houston, Texas, March 2, 1975
951-16-00-00-72
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APPENDIX

MODEL 11l - THE GENERALIZED CHANDRASEKHAR APPROACH TO SOLVING
THE RADIATION TRANSFER EQUATION FOR A PLANAR CANOPY

INTRODUCTION

Canopy modeling must relate incident intensity to upwelling intensity at the
upper surface of the canopy. This relationship is obtainable from the solution to
the radiation transfer equation for the canopy. Solving the radiation transfer equa-
tion has two major aspects. First, a phase function must be developed; second,
the total intensity field at every point in the canopy must be found. A technique
for solving the radiation transfer equation that is suitable for canopies and that can
be approximated by plane-parallel homogeneous layers is discussed in this appen-
dix. The technique, Model I, is a modification of a technique first proposed by
Chandrasekhar in his book "Radiative Transfer" (ref. 1). Therefore, the notation
used herein will correspond to that used by Chandrasekhar as much as possible and
only the details necessary to clarify the modification and the reasons for it will be
included. Complete understanding may require familiarity with Chandrasekhar's
"Radiative Transfer" (ref. 1), in particular with sections 1 to 9, 13, and 49 to 51.

In the Chandrasekhar technique, the problem is essentially stated in terms
of new variables, then the radiation transfer equation is used to solve the reparam-
eterized problem. These new variables are the bidirectional reflection and trans-
mission scattering functions for the canopy layer as a whole.

The primary reason for modifying the Chandrasekhar technique is the dis-
similarity between the canopy and the atmospheric phase functions. Unlike atmos-
pheric phase functions, the canopy phase function (1) has no symmetry around the
incident direction, (2) has an orientation with respect to the vertical, and (3) does
not have mirror symmetry with respect to the horizontal (that is, scattered intensity
due to radiation incident from a direction bears no necessary symmetric relationship
to radiation scattered from a beam incident from the opposite direction) .

RESTATEMENT OF THE RADIATION TRANSFER EQUATION
FOR PARALLEL LAYERS

Before restatement of the canopy problem in terms of bidirectional scattering
functions, it is useful to reexamine the radiation transfer equation and write it in
a form particularly suited for plane-parallel layers. This form has great similarity
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to the standard form of the radiation transfer equation for plane-parallel atmospheres
The general radiation transfer equation is

@) 4 0 @)F W 0@ @) = DI @ 1,@) (269)

Note that the dependence on p and @ is g’lven explicitly rather than implicitly by
using the unit vector k. The formal solution is obtained by the method of integrating
factors and shown to be

)
2feay |
I p,9) = Iéo;u,cp)e 0/ . f J@u, @) -T2

1]
S, P) de (270)
%0
where
L
T(sz,szo> - f ()5 @ 1, @)l (271)
%o
and J(&;p,9) is given by
1
1
JEp, @) = yvs ff It(Q;u',cp')P(Q;u,CP;u'-,cp')dQ' 272)
- 0

The assumption of homogenecus parallel layers allows change to be expressed
in terms of the vertical direction z. Thus,

p df = dz (273)
where -1 < u <1 and where P = cos 6. The variable F is defined by
_d
F= 5 (274)
81

b



and a differential optical depth is defined by
dt = -no dz (275)

Then, the radiation transfer equation may be written

71 dIt(t;u,cp)
dz

=Ly, @) - F(u,@) (276)

where the subscript t is used to emphasize that the expression applies for the total
field. The variable F is then given by

1 2n
Fp,@) = & /f P, ;oD (G p', @Hdp' de' @10
10

This form of the radiation transfer equation is formally solvable using the integrating

—(t-ro)/u
factor e , which gives the solution
B I"‘[O ,
—_— T -1
B 1 e
I(t; 2p,) = I(to;tp,cp)e + H,[F(t';t“’(p)e dr’' (278)
%o

where the absolute values ensure that regardless of the direction in which the depth
T is measured, the solution is correct.

Again, the physical meaning of the solution is easily seen. The upwelling

intensity at 1, which is I(z;+p,@), is a result of upwelling intensity at To» which
- et /Y
is I(to; K,®), decreased by e 0 plus that scattered into the beam along
_ !

the path decreased by e | - )/HI, where t > 1" and where 1t - t' is the optical
distance between the volume element doing the scattering and t integrated (summed)
over all volume elements along the path between T and t. Although this solution

will be found useful in the modified Kubelka-Munk approach to canopy modeling,
it is not in itself a solution for the canopy as a whole.

82



The S and T Functions for a Planar Medium

Radiation incident on the surface of a layer of some optical thickness will be
scattered in part, absorbed in part, and unaffected in part by the layer of material.
The absorbed portion is that removed by any process from the wavelength interval
of interest and is thus without interest for a reflective model. The scattered portion
may be directed back into the hemisphere containing the incident radiation, or it
may emerge from the surface opposite that of incidence. These two scattered portions
will be designated reflected diffuse radiation and transmitted diffuse radiation, re-
spectively. (Reflected diffuse radiation is equivalent to what Chandrasekhar called
scattered diffuse radiation.) In this context, diffuse does not necessarily mean uni-
formly diffuse, perfectly diffuse, or Lambertian. The radiation that does not encounter
scattering centers in the layer will emerge from the other side of the layer unchanged
in direction but reduced in magnitude. This portion of radiation is conveniently
treated separately and is labeled reduced incident flux.

Let the total scattered or diffuse portion of the field at t be designated by
IS (t;p,9). Then

Imp,e) =1, @Gp,e) (279)
where 0 < p <1, and

Is(t;u,cp) = Id(t;u,cp) (280)

where -1 < p <0 and where Iu is the upwelling diffuse radiation and Id is the

downwelling diffuse radiation. Let Ii (t; u,@) represent intensity incident on a layer
at 1. By using the identity

b -a A
fﬁ(x)dx = f §(-x)dx (281)
a -b
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the defining equations can be written with all functions specified over the interval

0 < p<1 to conveniently establish that +p in the argument of a function represents
radiation in the upward direction and that -p represents radiation in the downward
direction.

1 2n
1
Iu(O;u,cp) = Inp f Ii(O;—u',cP)SU(t;u,cp;-u',cp')du' do' (282)
00
1 2%
I3@-p9) = ;1—1- f O @) T (-, @5 —p',@dp' do! (283)
00
1 2%
L0, 0) = ;1L f [ (GHP)Ty (G, p',@Hdp' de' (284)
00
1 2%
- 1 . L — -
140 -p. @) = I ff L@, @)S; (G-p,esp',0)dp' do’ (285)

These equations define the relationships of the bidirectional scattering func-
tions SU TU’ SL’ and TL for a layer t thick. The factor 1/p is included so
that the scattering functions will be symmetric under interchange of directional
angles. This operation could alsc be accomplished by multiplying the integrand
by p'. Then, the equations would be identical to the customary defining equations
for the bidirectional scattering (reflection or transmission) used for planar scatter-
ers as found in the work of Love (ref. 4) and Nicodemus (refs. 5 and 6).

At first, the solution to the canopy problem seems to be found in solving for

SU' This premise would be true if the canopy were a single layer; that is, if the

canopy could be considered to be infinitely thick or if it were bounded on the lower
side by a perfect absorber in the wavelength of interest. If radiation from any source

is incident on the lower surface of the layer, then TL must be known to find the con-

tribution to upwelling intensity at t = 0. If the upwelling intensity at the lower sur-
face of the layer arises from reflection of the transmitted intensity of the layer, which

is likely, then TU and SL must be known. Therefore, for multilayers, it is nec-

essary to know the four scattering functions for each layer together with the rela-
tionship that describes the attenuation of incident flux to give reduced incident flux.
The set of equations that enable solving for these quantities follows.
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Boundary Conditions

Because the bidirectional scattering functions for the layer are properties
of the layer itself, the functions are independent of the conditions of incident inten~
sity and the bounding conditions outside the layer. Thus, the illumination and
boundary conditions will be chosen in the most convenient way.

Incident intensity is taken first as uniform, parallel, downward radiation in-

cident on the upper surface. This incident radiation is represented by Dirac delta
functions as

L (0s-p, ) = 7F_ 8(u - u_)S(cp - cp_) (286)

where F_ is the magnitude of incident intensity. Incident intensity will then be

taken as uniform, parallel radiation incident upward on the lower surface at t=1'.
This relationship is also represented by Dirac delta functions as

L'sp,@) = nF, 8(u - u+>6<cp - <P+> (287)
Using equations (286) and (287) in the defining equations for S. ., T.., S_, and
T . U U L
gives
L
F_
IO;p, ) = 1y SU<I :u,w;-u_,cp_> (288)
F_
It -p,9) = i TU<r';-u,cp;—u_,(p_> (289)
and
F,
IO;p,@) = I Ty (t';u,cp;uﬂr,cp;) (290)
F,
I -p,@) = m SL<t';—p.,q>;p+,cp+> (291)

85




It is convenient to assume the layer is bounded by perfect absorbers or infi-
nite space. Then, for either illumination

I(0;-p,) = IG@;p,p) =0 (292)

where 0< p < 1. Thatis, there is no scattered, diffuse component incident on the
layer either from above or from below. Note the existence of symmetry relationships
between upper and lower surface transmission functions TU and TL . Thus, it

is redundant to distinguish them; however, for simplicity within the derivation,
the distinction will be maintained in the notation.

Under the conditions of illumination specified, the radiation field at any level
1 within the layer can be separated into three parts: an upward scattered compo-
nent I(t;p,@), a downward scattered component I(t;-p,¢), and an unscattered
.component composed of the reduced incident flux. The relationship describing
the attenuation of F, or F_ is obtained from equations (276) and (278) with the

omission of the term F.

Integration is immediate to give exponential attenuation by a factor of e_t/ M,

where 1t is the absolute value of the optical thickness of material through which the
incident flux passes. Thus, at any level, the reduced incident flux for F, will be

—(t'—t)/p.+ ~T/p_
nF e and the reduced incident flux for F_ will be =nF_e .

Parameterization Principles

The basis for the technique employed to solve for the bidirectional scattering
functions was developed by Chandrasekhar in solving for atmospheric transmission.
This technique will be mcdified and expanded for use in canopy medeling. For
downward radiation incident on the upper surface F _, the following four principles
can be formulated.

1. For alayer t' thick, the intensity I(t; u,@) in the upward direction at
“t/p_

any level W results from the reflection of the reduced incident flux =F e

within the layer, and the reflection of the downward diffuse radiation I(t;-p,)
(where 0 < p < 1) incident on the surface t, by the layer of optical thickness
' - 1, below t. The mathematical expression of this principle is

T

F

. H_
I(TGp,p) = my e SU(t' - t;u,cp;—u_,cp_>

1 2=n
1 .
AT /f Sy - GH@;-pLeNI@ -, edp' de' (293)
00
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2. For alayer t' thick, the intensity I(t;-p,@) in the downward direction
at any level 1 results from the transmission of the incident flux by the layer of opti-
cal thickness 1, above the surface at 1, and the reflection at this same surface of
the upward diffuse radiation I(t; pu,p) (where 0< p < 1) incident on t from below.
The mathematical expression of this principle is

F
I(-p,@) = rmy TU(t;~u,cp;u_,cp_>

1 2¢
f S, (G-, @ ' eDIG R @AW de' (200
00

1
* 4np

3. For alayer 1" thick, the diffuse reflection of the downward incident radi-

ation by the entire layer is equivalent to the reflection by that part of the layer of
optical thickness 1t above the level t and the transmission of the diffuse intensity
I(t; p, @) incident on the surface t from below. The mathematical expression of

this principle is

F F t

rm Su(f';u,cp:-u_’cp_> o Su<f:u,¢>;-u_,cp_> +e F1au,e

1 2%
1
¥ Inp ff T (mGp,esp', @D, eHdp' de'
00

(295)

4. For alayer t' thick, the diffuse transmission of the incident intensity
by the entire layer is equivalent to transmission of the reduced incident flux

“t/u_
nF e and transmission of the diffuse radiation I(t;-p,9) (where 0<u<1)

incident on surface 1t by the layer of optical thickness t' -t below 1. The mathe-
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matical expression of this principle is

— .- . - e | I .-
m TU<t', Ho@; u_,cp_) m e TU(I T, Ps; u_,cP_)

+e M I(t; -1, o)

1 2=

fTU(t' - TR, L eDI@E -p e Hdp' do!
0

529

Ty
0

(296)

The corollary set of four principles for radiation incident from below F + on
surface 1' can be formulated as follows.

1. For alayer t' thick, the intensity I(t;-p,@) in the downward direction
at any level t within the layer results from the reflection of the reduced incident
-(T-0)/p
flux nF e * and the reflection of the upward diffuse intensity I(t;p,)

(where 0 < p < 1) incident on the surface 1, by the layer of optical thickness 1,
above 1. The mathematicel expression of this principle is

vt
F, T,
I(l';—“sq)) = @— e SL(t;—p,(p;u+’(p+)
1 2n
1
" dmp ff Sp, @ @i p' DI U, eNHdp' do' (297)
00

2. For a layer 1' thick, the intensity I(t;p,¢) in the upward direction at
any level t results from the transmission of the incident flux by the layer of optical
thickness 1' - 1 below the surface at the level 1, and the reflection at this same sur-
face of the downward diffuse radiation I(r;-p,@) (where 0 < p<1) isincident
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on 1t from above. The mathematical expression of this principle is

F
+
I(tp,p) = m TL<t' - t;p.,(p;u+,cp+>

1 21
1 r . o« ! 1 PR | 1] 1 ]
+ Inn SU(r TR, -p eI -p ,eHdy' do (298)
00

3. For alayer t' thick, the diffuse reflection of the upward incident radia-
tion by the entire layer is equivalent to the reflection by that part of the layer of
optical thickness t' - © below the level t, and the transmission by this layer of
the diffuse intensity I(1;-p,9) (where 0< pu < 1) incident on the surface t from
above. The mathematical expression of this principle is

-1
F+ F+ _T
I"I SL<I',—H’(P;“'+’CP+> m SL<[' = T _H,(P;H+,(P+> + e I(‘[; _H’(‘P)
1 2%
1 y '
+ 47C|-l ff TU(t' _ T;“H,(P;‘P«"CP')I('C;'H'a(P')dI—l d(p'
00

(299)

4, For alayer 1t thick, the diffuse transmission of the upward incident in-
tensity by the entire layer is equivalent to the transmission of the reduced incident

-@'-0/u
flux =F e " and the transmission of the diffuse radiation I(t; H,p) (where

0 < p < 1) incident on the surface t by the layer of optical thickness t above rT.
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The mathematical expression of this principle is

-1

F, F, _E __1:E
aﬁ' TL(C';IJ"(P;“+’CP+) = Z;l— e TL(I;H,(P;H+s(P+)+ e I(tﬂl’(P)
1 2n
1
¥ Imp ff TG u' oI p'  )dy' de'
00

(300

System of Equations in Functions S and T

The next step is the development of a system of equations for the bidirectional
scattering functions. The technique employed was originated by Chandrasekhar
and differs from section 51 of his "Radiative Transfer" (ref. 1) only in the addition
of subscripts U and L and in the substitution of t' for - Equations deriving

from principles expressed in equations (293) to (296) will be done simultaneously
but separately from those derived from equations (297) to (300). For convenience,
set p, =-p_. Then, differentiate equations (293) to (299) with respect to t, apply

the boundary conditions in equation (292), take the limit as t=0 for equations (293),
(296), (298), and (299), and take the limit as 7 =1' for equations (294), (295),
(297), and (300). For equations (293) to (296), this procedure gives

dt =0 W|lwU Ah NS ot

1 2%
1 dl(t; - v’ t
+ Inp /:f SU(I';H,(P;‘H',(P')[————E——CL(I dr )] du' deo'
00 =0

(301)

F_ aT (t'; TR IR ,(p_)
aqu or' )

1o

[dl 1 —g,gg)] _
T

dr =

1 2xn
1 diG; +p',@") .
+mf SL(t';‘lJ.,(P;u',(P')[ ( a0 )] 'dp. do'
00 =T

(302)
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F as t';

wes-p,eh % U,
» ’ ’ + e p[dl(t';"‘ , )]
=7

ot' dr

o
i
>

':ll

dt (303)

[dI B du' de'
=t

12n
1
* Imp f (G TR TN L))
00

and
AT (1" ~1- @3 i ,cp_):,

F_| 1
- _ . - -
= _— ITU(:, TIOE u_,CP_> 57
1 2n

1
+ =y ffTU(t';—u,cp;-u',cp')
00

dr

_v
+e M [dl(t;-g,gg)]

(304)

dt -0

N [dl(t;—g' @)

dy' deo'
T

Similarly, for equations (297) to (300), this procedure gives
A8y (v's 1. s ‘u+,CP+)]

F 1
[+ S ( “H,(P§H+;<P+) + ) 3t

dI(t;—E,Q) +
dt 1] a_p' +
1 2n
f R TR <P)[—IE’—E—(P—] dp' de
0

=1
=1
(305)

dl (t; +, @) _ 5 OT (s @3 Uy» @)
4u ot'
=0
1 27
1 ' dl(t;_E"EE') dP-' d(p'
=0

1
+ Inp ff Sy@im,e; -1 eh) a-
00 .
(306)
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+

Gy _r
ot' dr =0

£

1 2n

1 ara'; -p', o'
+ Inp ff TU(t';-u,cp;-u',cP')[ ( dg ® )] L dup' de'
00 -

and

aT (51,95 1,9,)
1 . . L( +° T+
+H+TL<I"IJ"CP’“+’CP_{> + 57

o
i
£

7! 21

1

E dI(T§+E,(P) 1 1. <! '

+ e [ a . + imp TL(t sH-@s ' eh)
00

di(t; +p', '

307

(308)

The derivatives in the preceding equations can be obtained from the previously
derived equation of transfer and the expression for F in equations (276) and (277).

This procedure gives the set appropriate for equations (293) to (296).

" F
dI(t;+ ’ ) — 1 - '
dt“ * ] =0 +E|}1§ SU<t WW;H_NP_) - F_(0;+u,<p):,

g(t_w] =L E 050
=0 wo

a1t +1, @) 1
__a‘tl—(p:l ' - —a F_(t';+p"(p)
=t

1
&
~~
a
|
©
SN
—_
7
‘_‘4
Il
—

F
_E[ZL—I» TU<t';‘l»1a<P;P~_’(P_) - F_(T';‘P.,(P)]
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where F_ is given by

and

F_G@'5p,@) =

F_(Osp,9) = f F_

F—

|

1 2xm
1 113 1 13 d " "
t A /f P(u,p;-p" ., )TU<I ;u",CP'lkl_,(P_>JLfvr deo
00

R RR

e

P(H,(P; ‘H_JP_)

1 2n
* LTIE fP(u,cp;u",cp")su(";u",cp";u_@_)gj# de”
00

n

M

P<H’<P; -u_,cp_)

The set appropriate for equations (297) to (300) is

=1'

1

K

F t.e o . - t. _
[ESL<I’ Iia(P,li+’(P+> F+(t’ HaCP):,

S | .z
= +ﬁ F+(0, H,@)

1
= —E F+(t';+u,<p)

[4

+

T

TL<':'; p-aq); |J.+9(P+> - F+(0; p"q))}

(313)

314

(315)

(316)

(317)

(318)
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where F+ is given by

1 2n
, _ 5 1 \
F @) = P(u,cp;u+,<p+) * in SL(t ;-u,w:u+,¢+>
00
. 1 1 QEL '
XPu,p;-p', " W do (319)
- 1

F ) 1 dp'
F.(0p,@) = T+ e +P(u,cp;u+,cp+) + EfTLé'3P«"(P'?H_,_’(P_,)P(H’(P;P"’(P')T% do'
(320)

Combining equations (309) to (314) with equations (301) to (304) and com-
bining equations (315) to (320) with equations (305) to (308) gives the following

eight equations in SU’ TU, SL’ and TL.

08y [Ts 1,05 -k _. o )

1 1 ) . e
(a + “—_‘)SU ([’y H,(Pp H_,(P_) + atr
= P(u,¢;~u_,¢_)
1 2%
1 "
" i f/P(HJP;u",<P")SU(t';H"’CP";‘H_’CP_>%%- de"
00
1 2xn
1 du'
T ffSU“'?P"P;‘H"<P')P(—u',<p';—u_,<P_>ppv— de'
00
12n 1 21t
1
+ 16—-2— ff ffSU(t';u,cp;u',cP')P(-u',cp';p",cp")
T 00 00
1] "
X SU(I:"; P”’¢";"P_s@_>% d(P' g_}%_]_ d(.p” (321)
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R ——

ST, @5 -p_,p_ 11
U( ) = P(u,cp:—u_,q’_) exp "'(‘u' ¥ ﬁ_>

ot'
1 2n
1 E « g n e o ", _ d " d "
tg-e P(u.@;-p",@ )TU<t, TR H-’(P_>—Err @
00
_U 1 2%
i_ ) . v ! [ ' . . QH_' do!'
* i€ ff T Ghpesp',e )P<u P u_,cp_> L de
00
12x 1 27
+ Lz fffTL(t';u,cp;u',cp')P(u',cp';-u",cp”)
16t 58 06
1 n
X TU<tv;_pn,(Pu;_u-,(p_>gd»:-__ dcp' (_ifrr_ d(.p” (322)
t. - —
L (e N . ?TU(t, W @; u_,cp__\
o Tyt @ -u_o_ 57
.c'
=e M P(-uycp:-u_,cp)
1 2w
1 d 1"
i fP(—H,(P;‘H";(P")TU(I';‘P.”,(P”;‘u_,(P_>—£n—p de"
00
_E 1 2w
e M : Coryplat du' o,
M T S ARSI SR Y )P<u P ;-u_,cp_> n de
00
1 2r 1 2%
+ 12 f/ff SL(tv;_u’(p;uv’(pl)P(uv’(pv;_pu’(pn)
16" 59 00
"
X TU(t';‘P-",(P";_P-_’(P_) ‘_:L'L' d(P' % dq)" (323)
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OT [t ~H,P;—p_,@ )
1 te _ . U( - -
il_TU(t s THLP; IJ_,(P_) + 571

= e u P("u,q);—u-,(p—>

~I—l 1 2%
e [ du”
00
1 2w
1 du'
T ar ./‘./.TU(";‘“’CP?‘H'AP')P(-LL',cp’;-u_,cp_)—i:t,L de'
00
12n 1 2%
' 12 /./f Ty s -1 -p L, @DP UL e U, 9"
167
00 00O
"
X SU<tv;uu’(P";—|_1_,(P_>g¢l'_‘ do' dJ:'r de" (324
L + —1— S | S H + ﬁ_ T: - .
'II l’l+ Li® H,(P,H+,(P+ 917" > H,(P,u+,(p+
1 2%
1 du’
= P(‘u’(p;u+’(p+> + E’E_ ff P(_H;(P;_u',(P’)SL<t;_H' ’(pl;u+’(p+>ﬁ d(p'
00

1 2n

1 b e\
rae Jf s P"P’H"¢')P<u',<p',u+,¢+> - de!
00

1 2= 1 2x
+ 12 ffSL(t';-u,w;u',w')ff Pu',e";-p",0")
16T o g 00
" |
X SL<[';—H',’(P";H+’¢+>%7T d(p” CHP'J"_ d(pv (325)
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1., oTy,
(t’u@u <p> —(r"u CP;u,cp)
B, T + ar \LH PP,

tl

t'

i r. _ . du'
P, s -p ,CP')SL<I, u',cp',u+,cp+>—u, de'

e
4r

27

1
1 d '
* i ff TL(I';u,q);u‘,cp')P<u',<P';u+,<P+>—ﬁ do'

00
12w .

1 2w
fff T, @5 p,@; ' @DP W, @' -p", ")
" an? 0 00

H

. dp’ d
X SL(‘;‘”""P";”+"P+>J;'_ de' Jufn, dep" (326)

oT

1 : L

do'

o - : . dy'
SR, u',cp')P<u‘,cp',u+’<P+)1}f—'

1 2%

. ) ) dp’
f (LMP,H',cp')TL<r’,u‘,cp',u+,cp+>ﬂf— de'
00

121 2

ffffs (,[ u (Py‘IJ"(P')P(‘P«"(P'il»l"acp")
(41r)

" 1
x TL(.[';”II,(PII;“+,CP+)(_11:'_’_ d(pll %_ d(p' (327)

m
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.['
--l.I 1 27t
+ 47 fTL<t';|J" ,(P';l-l‘{_’(P_'_)P(‘H,(P;H',(P')JuJ;— d(pl
00
t'
_ﬁ: 1 2%
d 1
* o ff Ty s 193 -u@DP <-u',¢';u+,¢+>—% de'
00
1 2n 1 2¢
" 2 ff./f Ty - @3 -u'H e P L' p' o™
“m" 579 90
1] "
X TL<I';H",<P";H+,<P+>QE,— deo' %—l,r de" (328)

The derivatives can be eliminated by simple subtraction, which leaves four integral
equations. The solution to these integral equations results in an expression for

SU. Using SU , upwelling radiation for any specified condition of illumination can
then be calculated by means of equation (282).
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TABLE I.- TOTAL REFLECTION AND TRANSMISSION FUNCTIONS

Schematic

Function i p'
.. k k'
by (RoKD* 0< p*< 1 o< p*<1 N
/fcv
Ty & .kD* 1< pr<o 0< p*<1 —77
k
pp K. K)* 1< pr<0 | -1 < p*<o o~
n et
rL(ﬁ,f(')* o< pr<1l | -1<p*<0 J—

~

TABLE II.- SLOPE AND AZIMUTH RANGES FOR PLANAR ELEMENTS

CLASSIFIED BY INCIDENT OR VIEWING SURFACE

Class el-lanogre %f Range of Qn
1 S
Uy, 0<ei<g 0<en<%—ei
Ujy 0<ei<% 7%-ei<en<1‘2.
L 0<6 <3 7-6,<6,<3
Ugy 0<e, <% 0<9 <%—es
UsZ 0<es<% %_es<en<%
Lg 0<es<% %-es<9n<%
u ’%<9<n ei—%‘<e <3
Ly, F<6, <m 0<e <6 -%
L, 5<e, <m ei-’%<e <%
uy ’2-‘<e < 9s'%<9 <%r
L., F<e <= 0<en<es—%
L'52 %<es<n es—%<in<%

Range of Py

0<(pn<2‘n:

Py

—8i<(‘pn<(pi+5i
(‘pi+8i<¢n<¢i+2n_5i
0<(pn<21r
cps—55<cpn<cps+ﬁs
cps+iSs<(pn<(pS+2‘r[—6S
(pi—-1'c+8i<cpn<cpi+7t—6i

0<cpn<27c
PTG S PC PTG
<pi—'rt+l$s<q;on<(ps+1t—8S
0<cpn<21r

cps+1t-Gs<cpn<cps+11:+8s




Class

10

11

12

13

14

15

17

18

19

20

21

22

23

Intersection
of
classes

U U

i1* sl

'
i1’ le

'
LSZ

'
iz* le

L

Ui+ Lgp

'
L, Uy

.
Lis Ly

'
Ly L

'
i1’ “sl

Lil’ Usz

Liz» Ugy

L!

i2° v
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Lil’ Ls

Bidirectional
function
involved

oL (kK"
Py kD

pU(ﬁ.f(‘)

TABLE

[N
A
@
A

SR
A
@
A

[CE]
A
@
A
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TABLE IV.- INTEGRATION LIMITS FOR CANOPY PHASE FUNCTION

. . a s s
Intersection regions™ for limit -

g & a b c d
0<ui<1 0<ps<1 1to 4 5, 6 9 7, 8
0< |J.i‘< 1 -1< M <0 10, 11 12 to 15 17, 18 16
-1 < K <0 -1 < Ko <0 36 34, 35 28 to 31 32, 33
-1<p,i<0 0<p.s< 1 25, 26 27 23, 24 19 to 22

aSee table III, first column.

TABLE V.- POLAR COORDINATES WITHIN THE

INTEGRATION FRAME
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Figure 1.- Partitioning of space within the integration frame.
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